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ABSTRACT

In this study, we define and investigate some linear third order polynomials called the generalized Horadam-
Leonardo polynomials (with its two special cases, namely), (r,s)-Horadam-Leonardo and (r, s)-Horadam-
Leonardo-Lucas polynomials. We give Binet’s formulas, generating functions, Simson formulas, and the sum
formulas for these polynomial sequences. Also, we present some identities and matrices related to these
polynomials. Furthermore, we present some special cases of generalized Horadam-Leonardo polynomials,
namely, generalized Leonardo, generalized John, generalized Ernst, generalized Pisano, generalized Edouard
and generalized Bigollo numbers.
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1 INTRODUCTION: HORADAM (GENERALIZED FIBONACCI)
POLYNOMIALS

Before defining and investigating the generalized Horadam-Leonardo polynomials we recall the definition and
some properties of Horadam polynomials and its two special cases. The generalized Fibonacci polynomials (or
Horadam polynomials)

{Va(Vo(z), Vi(a); r(x), s(x)) }nz0

(or {Vi(z)}n>0 or shortly {V;, },>0) is defined by
Valz) = r(z)Voo1(z) + s(x)Vi—2(z), (1.1)
Vo(z) = a(x),Vi(z)=0b(z), n>2

where Vo (z), V1 (z) are arbitrary real (or complex) polynomials with real coefficients and r(z), s(z) are polynomials
with real coefficients with r(z) # 0, s(z) # 0.
The sequence {V,},>0 can be extended to negative indexes by defining
_ r(x) 1
V—n(l‘) = S(I) V—n+1(33) + S(CL‘) V—n+2(~73)

forn =1,2,3,... when s(x) # 0. Thus, recurrence (1.1) holds for all integers n. Notice that V_,,(z) need not to be
a polynomial in the ordinary sense.

We can give some references on special cases of second-order linear recurrence sequences of polynomials and
numbers. For example, see [1,2,3,4,5,6,7] for papers and [8,9,10,11,12,13,14] for books.

Binet’'s formula of generalized Fibonacci polynomials can be given using its characteristic equation which is given
as

T r(x)y — s(z) = 0. (1.2)
The roots of characteristic equation are given as
aw) = a = L(r(@) + V/r2@) + 45(2), B(z) 1= = 5 (r(z) — v/r2(@) + ds(z)), (13)

and the followings hold

a+p=r(z), af = —s(z).
If o« and B of characteristic equation (1.2) are distinct, i.e., « # 8 then r2(z) + 4s(z) # 0 and if o and 3 of
characteristic equation (1.2) are equal, i.e., « = § then (1.2) can be written as

v’ —r(@)y—sx) = y’—2ay+a’
= (y—a)?
0
and, in this case,
a= @,r(w) =2, s(z) = —a® = 77“21(3)7142(30) +4s(z) = 0.
Next, we can define two specific cases of the polynomials V,,(z). (r(z), s(x))-Fibonacci polynomials { M,, (0, 1;7(z), s()) }n>0

(or shortly, M, (z)) and (r(z), s(z))-Lucas polynomials { Ny, (2, r(z); r(x), s(x)) }n>0 (or shortly, N, (z)) are defined
by the second-order recurrence relations

Mui2(z) = r(@)Mpy1 + s(x)Mp(z), Mo(z) =0,Mi(x) =1, (1.4)
Npi2(x) () Np+1 + s(x)Nn(x), No(x) =2, Ni(z) = r(x), (1.5)

respectively
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{M,(z)}n>0 and {N,(z)}.>0 can be extended to negative indexes by defining

Moo(z) = —%M-m-u(m@

Non(z) = —%N%n*l)(m)+T1$)N7(n72)(13)7

forn = 1,2, 3, ... respectively. Thus, recurrences (1.4) and (1.5) hold for all integers n.

M-_(n—2) (@),

NOTE: Throughout the rest of the paper, we use, respectively,
Va,r, 8, Vo, Vi,a, 8, My, Ny, Mo, M1, No, N1
instead of
Va(z),7(2), s(x), Vo(z), Vi(2), a(x), B(x), Mn(x), Nn(z), Mo(x), Mi(z), No(z), N1(z).
For instance, we write
Vi =1Va—1 + sVp_a, Vo=a,Vi=b, n>2
for the equation (1.1).

Using «, 8 and recurrence relation (1.1), Binet’s formula of V,, can be given as follows:

Theorem 1.1.
(a) (a # B : Distinct Roots Case) Binet's formula of generalized Fibonacci polynomials is

ria” ro 8" _ ra™ —ro 8" (1.6)

V,L:Oé—ﬁ+ﬁ—06 Oé—ﬁ

where
r=V1— Vo, r2 = Vi —alb.

(b) (o = 3 : Single Root Case) Binet’s formula of generalized Fibonacci polynomials is

Vi = (Dan + D1)a™ (1.7)
where
D1 = Vo,
Dy = é(vl—avo).

Note that Binet’s formulas of A,, and N,, can be given, respectively, as follows:

)

il , if (Distinct Roots Case): o # 8
M, = a—
na™ ' ,  if(Single Root Case): a = 3

N — a™ 4+ p" , if (Distinct Roots Case): o # 3
" 2a™ ,  if (Single Root Case): a = 8

Next, we define two sequences related to (r, s)-Fibonacci polynomials and (r, s)-Fibonacci-Lucas polynomials.
For r, s satisfying Eq. (1.4)-(1.5), (r,s)-Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo-Lucas
polynomials are defined as

Gn(z) =1rGn-1(x) + sGp—2(x) + 1 with Go(z) =0,G1(z) =1, n > 2, (1.8)

and
Hy(x) =rHp—1(x) + sHn—2(z) + (1 — s —r) with Ho(z) =3, Hi(x) =r+1, n> 2, (1.9)
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respectively.

Note that Ga2(x) = r + 1 and Ha(x) = r* + 2s + 1. We can present the first few values of Horadam-Leonardo
polynomials and Horadam-Leonardo-Lucas polynomials as

0,1,r+1,r°+r+s+1,r° +rP+r+2rs+s+1,...

and
3,7’—}—1,1”2+25+1,7“3+35r+1,r4+4r25+252+1,...

respectively. Note also that from the equations (1.8) and (1.9), we get

SGn—S(x) = Gn—l(x) - TGn—Q(QL‘) -1,
sHp_3(x) = Hp-1(z)—rHp—2(x)—(1—s—r),

and so the sequences {G.(x)} and {H,(z)} satisfy third order linear recurrences and given as

Gn(z) = (r+1)Gno1(z)+ (s —1r)Gn-2(z) — sGn-3(z), (1.10)
Hno(x) = (r+1)Hp—1(x)+ (s —71)Hp—2(x) — sHn—3(x).

Remark. Note thatifl—s—r=0,ie,s=1—rr=1-—s, then we see from (1.9) and (1.11) that the sequence
{H.(z)} both have second order and third order linear relations. In this case, we get

Hoy(z) =7’ +2s+1=71>—2r+3=35"+2.

In this paper, we also consider and investigate the case 1 — s — r = 0 by considering it in the general case, i.e. in
(1.9) and (1.11) that is (2.3).

Note that if we define a sequence of polynomials as
Yo(z) =rYn—1(x) + sYn—2(x) + c(z), with Yo(z) =di(x),Yi(x) =d2(z), n>2

where r, s satisfying (1.1) and Yy (z), Y1 (z) are arbitrary real (or complex) polynomials with real coefficients and
c(x) is a polynomial with real coefficients, then since

sYn—3(z) = Yn_1(z) — rYp—2(z) — c(x),

we get
Yo(z) = (r4+ 1)Yao1(z) + (s — r)Yn_2(x) — sYn_3(x).

2 GENERALIZED HORADAM-LEONARDO POLYNOMIALS

In this section, for r, s satisfying (1.1), we present and investigate a new sequence and its two special cases,
namely the generalized Horadam-Leonardo, (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials.

For r, s satisfying (1.1), generalized Horadam-Leonardo polynomials {W,,},>0 = {Wn(Wo, W1, Wa;r + 1,5 —
r,—8)}n>o0 (or, shortly, {W,(z)}»>0) is defined by (the third-order recurrence relation)

Wi(z) = (r+ 1)Wa_1(z) + (s — r)Wh_2(z) — sW,_3(x) (2.1)

with initial values Wy (x) = co(z), Wi(x) = c1(z), Wa(x) = c2(x) not all being zero and Wy (z), Wi(x), Wa(zx) are
arbitrary real (or complex) polynomials with real coefficients.

{Wn(z)}n>0 can be extended to negative indexes by defining

sS—7T

r+1
W—(n—l)(m) +

Won(e) = s s

1
W_(n—2)(z) — ;W—(n—3)(m)
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forn =1,2,3,.... Thus, recurrence (2.1) holds for all integer n. Notice that W_,,(x) need not to be a polynomial in
the ordinary sense forn > 1.

Generalized Horadam-Leonardo polynomial are special cases of generalized Tribonacci polynomials. See [15,16,17,18]
for some references on generalized Tribonacci polynomials and its special cases.

Note that the sequences {G.(z)} and {H,(z)}, defined in the section Introduction, are the special cases of the
generalized Horadam-Leonardo polynomials {W,,(x)}. For the benefit, we give the definition of these two special
cases of the sequence {W, (z)} in this section too. (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas
polynomials are defined, by (the third-order recurrence relations)

Gn(z) = (@r+1)Gn-1(z)+ (s —r)Gn-2(z) — sGn-3(x), (2.2)
Go(z) = 0,Gi(z)=1,G2(z) =741,

and
Hy,(z) = (r+1)Hp-1(x)+ (s—1)Hp_2(x) — sH,_3(x), (2.3)
Ho(z) = 3,Hi(z)=r+1,Ha(z)=7"+2s+1,

respectively. The sequences {G,.(0,1,7+1;r4+1,5—7, —8) }n>o and {Hn (3,7 +1,7>+2s+1;7+1,5 =7, —8) }n>0
can be extended to negative indexes by defining

Gonlx) = 2=LG_ (@)

S

(z) — EG—<n—3)($)7

(£) = SH sy (@),

forn = 1,2, 3, ... respectively.
Remark. Throughout the rest of the paper, we use, respectively,
Wn7 WO7 le W27 Gny G07 Gl, G27 Hn7 H07 Hl, H27

instead of
W(z), Wo(z), Wi(z), Wa(x), G(z), Go(z), G1(z), G2(x), H(z), Ho(z), H1(x), H2(x)
unless otherwise stated. For instance, we write
Wop=(+1)Wh 1+ (s—1)Wno—sWy 3, Wo=co, W1 =c1,Wa=c2, n>3

for the equation (2.1). Also we write K., Ko, K1, K2 instead of K, (z) with initial conditions Ko(z), K1(z), K2(z)
for any subsequence { K, (x)} of {W,}.

When r, s, Wy, W1, W are real numbers we call generalized Horadam-Leonardo, (r, s)-Horadam-Leonardo and
(r, s)-Horadam-Leonardo-Lucas polynomials as generalized Horadam-Leonardo, (r, s)-Horadam-Leonardo and
(r, s)-Horadam-Leonardo-Lucas numbers (sequences).

Now, we give a few special cases of generalized Horadam-Leonardo sequence are given as follows (Table 1):

Table 1. Several cases of generalized Horadam-Leonardo sequence

No Numbers (Sequences) r,s Notation References
1 Generalized Leonardo r=1,s=1 {Wn(Wo, Wi, Wa; 2, 0 -1)} [19]
2 Generalized John r=2s=1 {W,(Wo, Wi, W;3,—1,-1)} [20]
3 Generalized Ernst r=1s=2 {W,,(Wo, W1, Wa; 2, 1, -2)} [21]
4 Generalized Pisano  r=1,s=—1  {W,(Wo, W1, Wa;2, -2, 1)} [22]
5 Generalized Edouard r=6,s=—1 {Wn(Wo, W1, Wo;7,-7,1)} [23]
6 Generalized Bigollo r=3,5=-2  {Wn(Wo, Wi, Ws;4,-5,2)} [24]
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Next, we give several values of the (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials
with positive and negative indexes (Table 2):

Table 2. Several special third-order numbers with positive and negative indexes.

n 0 1 2 3 4

Gn 0 1 r+1 P +r+s+1 r3 +T +r+2rs+s+1
G_n 0 -1 512 (r—s) (sfrerr + %)
H, 3 r+1 r?+2s+1 4+ 3sr+1 r +4rs+23 +1
H_, —L(r—ys) 5%(7"24—524—28) —=5 (r® +3rs — %) %(r +4r2s 4 st + 25%)

Several special cases of (r, s)-Horadam-Leonardo sequence {G»(0,1,r+1;r+1,s—r,—s)} and (r, s)-Horadam-
Leonardo-Lucas sequence {H,, (3,7 4+ 1,r> +2s + 1;7 4+ 1,5 — r, —s)} are given as follows:

1. Gn(0,1,2;2,0,—1) = G, modified Leonardo sequence, see [19].
2. H,(3,2,4;2,0,—1) = H,, Leonardo-Lucas sequence, see [19].
3. G»(0,1,3;3,—-1,-1) = J,, John sequence, see [20].
4. H,(3,3,7;3,—1,—1) = H,, John-Lucas sequence, see [20].
5. G.(0,1,2;2,1,—-2) = E,, Ernst sequence, see [21].
6. H,.(3,2,6;2,1,—2) = H,, Ernst-Lucas sequence, see [21].
7. Gn(0,1,2;2,—32 1) = P,, Pisano sequence, see [22].
8. Hn(3,2,%;2,—2 1) = R, Pisano-Lucas sequence, see [22].
9. G»(0,1,7;7,—-7,1) = E,, Edouard sequence, see [23].
10. H.(3,7,35;7;7,—7,1) = K,, Edouard-Lucas sequence, see [23].
Gn(

11. 0,1,4;4,-5,2) = B,, Bigollo sequence, see [24].
12. H,(3,4,6;1,4,—5,2) = C,, Bigollo-Lucas sequence, see [24].
The characteristic equation of W,, is given by
v = (r+ )y —(s—ry+s=u —ry—s)(y—1)=0. (2.4)
and the roots of characteristic equation are given as

a_r+\/r2+4s B_Tf\/r2+4s y=1
- 2 ) - ) - )

where « and S are as in (1.3).

Next, we give Binet’s formula of generalized Horadam-Leonardo polynomials.

Corollary 2.1. According to the roots of characteristic equation (2.4), Binet's formula of generalized Horadam-
Leonardo polynomials is given by:

(@) (o # B # v =1, Three Distinct Roots Case)

W _ W27(5+1)W1 +5W()an+ Wz*(a+1)W1+aWoan+ W2+(7(7’+1)+1)W1+(78)W0
" (a=B)(a—1) (B=a)(B-1) (=s)—(r+1)+2
_ (@Weta(=(r+1)+)Wi+ (=5)Wo) \n (BW2+B(=(r+ 1)+ B)Wi + (=5)Wo) gn
(r+1)a?+2((s —r) —r)a+3(—s) (r+1)p2+2((s—r)—71)B+3(—s)
Wa+ (—(r+1)+ 1)W1 + (—s)Wo

(r+1D)+2((s—r)—r)+3(=s)
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(b) (o # B8 =~ =1, Two Distinct Roots Case)
1

Wh = m((‘% = 2W1 + Wo)a™ + (=Wa + 2W1 + (=) ((=s) =2) Wo) + (1 = (=s)) (W2 — (1 +
(=)W1 + (—=s)Wo)n).
() a=B=~v=1= (r ; 1), Single Root Case)

Wa = 5 (n(n — )Wz — 2n(n — Wi + (n — 1)(n — 2) W),

Proof. In [25, Corollary 7.], replace r, s and ¢ with r + 1, s — r, —s, respectively. [

Now, we present the ordinary generating function " W, 2" of the sequence W,.

n=0
Lemma 2.2. Assume that fw, (z) = >, W,z" is the ordinary generating function of the generalized Horadam-
n=0

Leonardo polynomials {Wy,}»>o0. Then, i Wy, z" is given as
n=0

i n Wot (Wi —(r+1D)Wo)z+ (Wa — (r+ 1)W1 — (s — r)Wo) 2>
Whpz" = .
— 1—(r+1z—(s—1)22—(—s)23
Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [25, Lemma 9.]. O

As particular examples (generating functions of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas
polynomials), from the last Lemma, we get

Corollary 2.3. The generating functions of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials
are

;an = 1—(T+1)Z—(5_r)22_(_8)z37
0o no 3—2(r+1)z— (s —r)z?
’;)an - 1—(7“-'—1)2—(3_7-)22_(_8)237

respectively.

Proof. In the last Lemma, put W,, = G, with Go = 0,G1 = 1,G» = (r + 1) and take W,, = H, with
Ho =3,H; = (r+ 1), Hy = r*> + 25 + 1, respectively. O

Next, as a special case of Corollary 2.1, we present Binet formulas of (r, s)-Horadam-Leonardo and (r, s)-
Horadam-Leonardo-Lucas polynomials.

Corollary 2.4. Binet's formulas of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials, for
all integers n, are given as follows

(@) (« # B #~ =1, Three Distinct Roots Case)

G ot g 1
T @A) GoaBE-1 G-
B o g2 !
 (r+Daz+2(s—r)a+3(—s) + (r+1)8242(s—1)8+3(—s) + (r+1)+2(s—71)+3(—s)’
H, = a"+p"+1.
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(b) (o # B8 =~ =1, Two Distinct Roots Case)

"M+ (1= a)n—a)

Cn = (1—04)2 , Hp =™ +2.
) a=B=~v=1= (r Jg 1), Single Root Case)
G = w H, =3.

Proof. In Corollary 2.1, put W,, = G,, with Go = 0,G1 = 1,G2 = (r + 1) and take W,, = H,, with Hy = 3, H1 =
(r+1), Hy = 7% + 25 + 1, respectively. O

3 SOME SPECIFIC CASES OF GENERALIZED HORADAM-LEONARDO
POLYNOMIALS

In this section, we give literature review and present on some special cases of generalized Horadam-Leonardo
polynomials.

3.1 Generalized Leonardo Sequence

In this subsection, it is considered that the special case r = 1,s = 1. Inthiscase,r+1=2,s —r =0,—s = —1.
A generalized Leonardo sequence {Wy,}n>0 = {Wn(Wo, W1, Wa)}.>0 is defined by (the third-order recurrence
relations)

Wh = 2Wpn_1 — Wa_s (3.1)

with the initial values Wy = co, W1 = c1, Wa = c2. Next, define three special cases of the sequence {W,}.
Modified Leonardo sequence {G}.>0, Leonardo-Lucas sequence {H,},>o and Leonardo sequence {i,}.>0
are defined, (by the third-order recurrence relations)

Gn = 2Gn_1— Gn_s, (3.2)
Go = 0,G1=1,Gs=2,
H, = 2H,_1— H,_3, (3.3)
Ho = 3,Hi =2 H,=4,

ln = 21— lns, (3.4)
lo = 1,h=1,l=3,

respectively. Modified Leonardo, Leonardo-Lucas, Leonardo numbers and Fibonacci, Lucas numbers satisfy the
following interrelations:
Gn = L'n4+2 — 17H7L = Ln +17ln = 2Fn+1 - 17

and
5Gn = 3Ln+1 + Ln - 57Hn = 2Fn+1 - Fn + 175ln = 2Ln+1 + 4Ln - 5.

where the sequence of Fibonacci numbers { F, } and the sequence of Lucas numbers { L, } are defined, respectively,
as

F, = F,_1+ ang, n > 2,
Fhb = 0, F1 =1,

135



Soykan; Asian J. Adv. Res. Rep., vol. 17, no. 8, pp. 128-169, 2023; Article no.AJARR.100417

and

L'n. - Ln—l + Ln—27 n 2 2a
Lo = 2 Li=1,

For more information on generalized Lenonardo number, see [19].

3.2 Generalized John Sequence

In this subsection, it is considered that the special case r = 2,s = 1. Inthiscase, r+1=3,s—r=—-1,—s = —1. A
generalized John sequence {Wy,},>0 = {Wn(Wo, W1, W2)},>0 is defined by the third-order recurrence relations

Wn = SWn—l - Wn—2 - Wn—S (35)

with the initial values Wy = co, W1 = c¢1, W2 = c2. Next, define two special cases of the sequence {W,}. John
sequence {J, }»>0 and John-Lucas sequence {H, }.>o are defined by (the third-order recurrence relations)

Jo = 3Jn_1— Jn_z — Jn_s, (3.6)
Jo = 0,J1=1,J,=3,

H, = 3Hn\—Hny_o— H,_3, (3.7)
Hy = 3,Hi=3Hy=T1,

respectively. John and John-Lucas and Pell, Pell-Lucas numbers satisfy the following interrelations:
1
Jn - i(Pn+2 _Pn+1 - 1)7Hn = Qn+17
and )
Jn = Z(Qn-&-l - 2)7Hn = 2Jjn+1 - 2Pn + 17

where Pell sequence { P, }.>0 and Pell-Lucas sequence {Q.}.>0 are defined, respectively, by (the second-order
recurrence relations)

P, = 2P, 1+ P, o, (3.8)
Py = 0,P=1

and
Qn = 2Qn-1+Qn-2, (3.9)
Qo = 2,Q1=2.

See [20] for more information on generalized John numbers.

3.3 Generalized Ernst Sequence

In this subsection, it is considered that the special case r = 1,s = 2. Inthiscase,r+1=2,s—r=1,—s = —2. A
generalized Ernst sequence {W,, }n>0 = {W,(Wo, W1, W2)},.>0 is defined by the third-order recurrence relation

Wn =2Whn_1 4+ Wp_o —2Wy_3 (3.10)

with the initial values Wy = co, W1 = ¢1, Wa = co. Next, define two special cases of the sequence {W,,}. Ernst
sequence {E, },>0 and Ernst-Lucas sequence {H., }.>o are defined by (the third-order recurrence relations)

En = 2B, 1+ En_o—2E,_3, (3.11)
Eo = 0B, =1, E3=2,
H, = 2Hn 1+ Hny_o—2H,_3, (3.12)
Ho = 3,H, =2, Ho=6,
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respectively. Ernst and Ernst-Lucas and Jacobsthal, Jacobsthal-Lucas numbers satisfy the following interrelations:
1 .
E, = §(Jn+2 - 1)7Hn = Jn + 1,

and
18Ey = 5jns1 + 2jn — 9, 2H,, = 4Jns1 — 2J, + 2.

where Jacobsthal sequence {.J. }»>0 and Jacobsthal-Lucas sequence {j» }.>0 are defined by (the second-order
recurrence relations)

Jn = Jn-1+ 202, (3.13)
Jo = 0,J1i=1

and
Jn = Jn-1+2jn—2, (3.14)
Jo = 2,51=1,

respectively. See [21] for more information on generalized Ernst numbers.

3.4 Generalized Pisano Sequence

In this subsection, it is considered that the special case r = 1,s = — 1. Inthiscase, r+1=2,s—r = -2, —s = 1.
A generalized Pisano sequence {W,}n>0 = {Wa(Wo, W1, Wa)},>0 is defined by (the third-order recurrence
relation)

Wn - 2Wn71 - ZWn72 + EWTL*S (315)
with the initial values Wy = ¢, W1 = ¢1, W2 = c2. Next, define two special cases of the sequence {W,}. Pisano
sequence { P, },>o and Pisano—Lucas sequence { R, }.>o are defined by (the third-order recurrence relations)

1
Pn = 2Pn71 _ZPTL72+ZPTL737 (316)
Ph = 0,PA=1P =2,

1
Rn = 2Rn—1 - an—2 + ZRn—?n (317)
Ry = 3,R1=2,R2=g,

respectively. Pisano and Pisano—Lucas and modified Oresme, Oresme—Lucas, Oresme numbers satisfy the
following interrelations:

nP,=—-Mn+2)Gn+4n,P, = —(n+2)H, +4,nP, = =2 (n + 2) O, + 4n,

and
nR, =G, +n,R, =H,+1,nR, =20, +n,

where modified Oresme sequence {Gy, }»>0, Oresme—Lucas sequence {H,, }.>¢ and Oresme sequence {O,, } >0
are defined, respectively, by (the second-order recurrence relations)

Gn+2 = Gn+1 - iGna GO = 07G1 = 17 (318)
Houro = Hopr— iHn, Ho=2,H =1, (3.19)
Onz = Owsi—30n, O0=0,01=1. (3.20)

See [22] for more information on generalized Pisano numbers.
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3.5 Generalized Edouard Sequence

In this subsection, it is considered that the special case r = 6,s = —1.Inthiscase,r+1=7,s —r = -7, —s = 1.
A generalized Edouard sequence {W,},>0 = {W,(Wo, W1, Wa2)},.>0 is defined by (the third-order recurrence
relations)

Wiy = TWn_1 — TWp_o + W3 (3.21)

with the initial values Wy = co, W1 = c¢1, W2 = c2. Next, define two special cases of the sequence {W,}. Edouard
sequence {E, },»>o and Edouard-Lucas sequence { K, }.>¢ are defined by (the third-order recurrence relations)

E, = T7Bn_1—TEn_s+ En_s, (3.22)
Ey = 0,Ei=1F,=71,

Kn = TKn_1—TKn o+ Kn_s, (3.23)
Ko = 3,Ky =71 K,=35.

respectively. Edouard, Edouard-Lucas and balancing, modified Lucas-balancing, Lucas-balancing numbers satisfy
the following interrelations:

En:i(BnH—Bn—l),Kn:Hn+1:2Cn+1

and
32En = Idn+1 + Hn - 8= 20n+1 + 20n - 87 Kn = 2Bn+1 - GBn + 17

where balancing sequence { B, } >0, modified Lucas-balancing sequence { H,, }.,>o and Lucas-balancing sequence
{Cy}n>0 are defined, respectively, by (the second-order recurrence relations)

Bn = 6Bn_1— Bn_o, (3.24)
Bo = 0,B; =1,
H, = 6Hn, 1 —Hn o, (3.25)
Hyo = 2,H =6,
Cn = 6Cn_1—Ch o, (3.26)
Co = 1,0, =3.

See [23] for more information on generalized Edouard numbers.

3.6 Generalized Bigollo Sequence

In this subsection, it is considered that the special case r = 3,s = —2. Inthiscase,r+1=4,s —r = =5, —s = 2.
A generalized Bigollo sequence {Wy}n>0 = {Wn(Wo, W1, Wa2)}n>0 is defined by (the third-order recurrence
relations)

Wp =4Wy_1 —5Wp_o +2W,_3 (327)

with the initial values Wy = co, W1 = c¢1, W2 = c2. Next, define two special cases of the sequence {W,, }. Bigollo
sequence { B, }.>o and Bigollo-Lucas sequence {C,, }»>o are defined by (the third-order recurrence relations)

Bn = 4Bn_1—5Bn_2+2Bn_s,
Bo = 0,Bi=1,By=4, (3.28)
Cn = 4Cu_1—5Cn_+2Cn_s,

Co = 3,C1=4,C,=6. (3.29)

respectively. Bigollo and Bigollo-Lucas and Mersenne, Mersenne-Lucas numbers satisfy the following interrelations:

B, =2M, —n,C, = H, + 1,

138



Soykan; Asian J. Adv. Res. Rep., vol. 17, no. 8, pp. 128-169, 2023; Article no.AJARR.100417

and
Bn =4Hn 11 — 6H, —n,2C, = 2M, 1 — 2M, + 4

where Mersenne sequence {M, },>o and Mersenne-Lucas sequence {H, }.>o are defined by (the second-order
recurrence relations)

M, = 3Mp_1—2M,_2, (3.30)
My = 0,M;=1,
H, = 3H,-1—2H,_2, (3.31)
Hy = 2,Hi =3,

respectively. See [24] for more information on generalized Bigollo numbers.

4 SIMSON FORMULAS OF HORADAM-LEONARDO POLYNOMIALS

Next we present Simson’s formula of the generalized Horadam-Leonardo polynomials {W,, }.

Theorem 4.1. For all integers n, we get

Wota Whpa W Wy Wy Wo
Wn+1 Wn Wn_l = (—S)n W1 Wo W_1 . (41)
Wn  Whot Wiaoo Wo W_o1 W_2

Proof. Replace r, s and t with » + 1, s — r, —s, respectively, in [25, Theorem 33.]. O

The previous theorem gives the following results as particular examples.

Corollary 4.2. For all integers n, Simson’s formula of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-
Lucas polynomials are given by

Gn+2 Gn+1 Gn Hn+2 Hn+1 Hn
Gn+1 Gn Gno1 | = —(—S)n_l, Hnta H, H,1 | = (T2 + 48)(7" + s — 1)2(—S)n_2
Gn anl Gn72 Hn anl Hn72
respectively.

Notice that for all integers n,m, (4.1) can be written as

Wn+m+2 Wn+m+1 Wn+m W2 Wl W(]
Wn+m+l Wn+m Wn+m—1 == (_S)n+m Wl Wo W_1
Wn+m Wn+mfl Wn+m72 WO Wfl W72
Next we define
Aw(n) = Wi —r(r—s+ D)Wl + (—=8)°We —2(r + DWapaWiis — (s — )W Wiy,

+( 4+ 3r — 54+ DWpa Wiy + (1 + 1) (=8) + (s — 7)) W Wi,
+(r 4+ 1) (=) WEWnia 4+ 2(s — r) (=) WeWng1 — (r* + 7 — 4s — r8)Wo o Wai 1 Wi,
Then
Aw(0) = W3 —r(r—s+DW; + (—s)°W5 —2(r + DWAWS — (s — 1) WoWs (4.2)
+(r? +3r — s+ D)WaW? + ((r +1)(=s) + (s — ) ) WoW7
+(r + 1) (=) WEWa + 2(s — ) (—s)WeWi — (2 + 1 — 4s — rs) Wa W1 W

Notice that Simson’s formulas of W,,, G,, H,, can be written in the following forms:
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Lemma 4.3. For all integers n, we get
(@) Aw(n) = (—s)"Aw(0), that is
Wiio—r(r—s+1)Wi + (=s)°W2 —20r + )Wy Wiio — (s — 1)Wa Wi
+(r? 4 3r — 54+ D)WopoWey 4 (r +1)(=5) + (s — 7)) W Wi,
+(r + 1) (=) W2Wnia 4+ 2(s — 1) (=) WEWni1 — (12 + 7 — 4s — r8)Wa oW 1 Wi,
= (=8)"(W5 —r(r — s+ )W7 + (=) W5 —2(r + HWAWS — (s — r)Wo W35
+(r? +3r — s+ DWoW? + (12 + 5% — s — 3rs)WoW? + (1 + 1)(—s) W5 Wa
+2(s = r)(=s)WgWi — (r° + 1 — 4s — 75)Wa W1 Wo).
(b) Ac(n) = (—s)"Ac(0) = (—s)"*", that is
Gog—r(r—s+1)Go i1+ (—5)2°GS = 2(r + 1)Gn1Gays — (s — 7)GnGr o
+(r? +3r — 54+ 1)Gni2Grp1 + (1P +5° — s — 3rs)GnGryy

+(r+1)(=8)GaGni2 +2(s — 7)(=8)G2Gny1 — (r* + 7 — 45 — 158)Gri2Gni1Gn
=

(€) Au(n) = (—8)"Aa(0) = —(r* +4s)(r + s — 1)*(—s)", thatis
Hpio—r(r—s+1)Hyyy + (—s)?Hy = 2(r + 1) Hp1 Hp g — (s — 1) Ho Hpp o
H(r+1)* = (s = 1) Hnpa Hypy + ((r + 1)(=8) + (s = 7)°) Hn Hyy
+(r+1)(=8)H:Hpy2 +2(s — 7)(—8)Ho Hyy1 — (r° +7 — 4s — r8)Hy o Hy Hy,
= —(rP+4s)(r+s—1)>*(—=s)"

Proof. Replace r, s and t with r 4+ 1, s — r, —s, respectively, in [25, Lemma 35.]. O

5 IDENTITIES OF GENERALIZED HORADAM-LEONARDO POLYNOMIALS

In this section, we get some identities of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials.
First, we present a few basic relations between {G,.} and {H,,}.

Lemma 5.1. The following equalities are true:

(@ (—s)°H, = Brs+1° —5*)Gnia — (4r2s —1rs® + 3rs + 73 +17* + 25")Graz + (dr2s + 7% + 252 + 51 Grgoa.
(b) (—s)*Hn = (25 4+ 1% +5%)Gnys — (25 + 18> + 3rs + 172 + 13 Gnga + 3rs +1° — %) G-

(€) (=8)H, = —(5 —1)Grni2 + (rs — 25 — 17 — 12)Gpy1 + (r* + 5% 4+ 25)Gp.

(d) H, =3Gn+1 —2(r+ 1)G,, — (s — 7)Gpn—1.

(e) Ho=(r+1)Gn +2(s —r)Gn-1 + 3(—5)Gn_2.

() s(r’44s) (r+s5—1)° G, = (—r3+r2s5+2r* —3rs—r+4s>+4s) Hpya+ (r* —r®s—r3 44r2s—r? —4rs® —3rs+r+2
s2 —28)Hpqs — (28 +4r?s + 1257 — 6rs + 12 — 2r® 4+ r* 4 25% + 453 H,, 10,

(@) —(r?+4s)(r+s—1)2Gn = —2(r* —r + 35+ 1) Hpyz + (—r — 25 + Trs — 2 + 2% + ) Hyjo + (=7 + 4s +
r?s—3rs+2r> —r® + 452)Hn+1.

(h) —(r®+4s)(r+s—1)2Gy, = (rs—8s—r—r>)Hpio+ (r+2s—r2s+5rs+r3 —25%)Hyp1 +25(—r+3s+r> + 1) H,,.
(i) —(r*+48)(r+5—1)2Gp = —2(3s+rs+r2+5?)Hpy1+(25+rs2 +5rs+r2 413 —25%) Hy+5(r+8s—rs+r2) Ho1.

() —(r* +4s)(r+s—1)2G, = —(4s + 15> + 2r2s + 3rs + 1> +r® + 4s?)H,, + (—rs® +ris 4+ Trs + 2r3 4 257 —
253)Hn_1 +25(3s +rs+ r? + sQ)Hn_g.
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Proof. Replace r, s and ¢ with » + 1, s — r, —s, respectively, in [25, Lemma 36.]. O

Now, we give some basic relations between {G,.} and {W,,}.

Lemma 5.2. The following equalities are true:

(@) (-W3Z—(r—s+1)WE+sWg+ (r+2)WilWa — rWoWa + (r — 28)WoW1)(=Wa + rWi + sWo)Grn = ((r +
DWE 4 (=)W —WiWa (s —r)WoW1) Wage + (W3 — (r+ 1)W1 Wa — (s — ) WoWa — (—8)WoW1) W g1 +
(=)W — (=5)WoW2) Wi

(b) (—W22 — (T — s+ 1) W12 + SWO2 + (1” + 2)W1W2 —rWoWs + (T — 28)WOW1)(—W2 +rWi + SWo)Gn = (W22 +
(r+1D2WE + (r + D) (=)W = 2(r + DWiW2 — (s — )WoWa + ((r + 1)(s — 1) — (=8))WoW1)Wpi1 +
((=8) + (r+ (s =) WE + (s = r)(=8)W§ — (s — 1)W1 Wa — (—8)WoWa + (s — r)2WoW1) W, + ((r +
1)(—8)W12 + (—S)QVVO2 — (—S)W1W2 + (S - T)(—S)WoWl)Wn_1.

© (Wi —(r—s+1D)WE4+sWg+ (r+2)W1Wa — rWoWa + (r — 28)WoWh)(=Wa + rWi + sWo)Gr = ((r +
DWE+ ((r+1)° 4+ (=) + (r+ 1) (s =)W + (=8)((s =) + (r + D)W — ((s = r) + 2(r + 1)) W1 W —
((=8)+(r+1)(s=r)WoWa+((r+1)*(s—7)+ (s —7)* = (r+1)(=8) ) Wo W)Wy + ((s =) W3 + (r+ 1) ((r +
D(s—7)+ (=)W +(=s)((=s) + (r+ )(s = r))W§ — ((—s) +2(r + 1) (s — 7)) Wi W2 — (s — r)*Wo W +
(r+1)(s— r)2W0W1)Wn,1 + ((fs)WQ2 +(r+ 1)2(73)W12 +(r+ 1)(—8)2W02 —2(r+ 1)(—s)W1W2 — (s —
r)(=s)WoWa + (=s)((r+ 1)(s = r) — (—=s)) WoW1) W, _a.

(d) (=s)Wy = (Wo—(r+ 1)W1 —(s—1)Wo)Gni2+(—(r+ D)Wa+ (r+1)*Wi+((=s)+ (r+1)(s —7))Wo)Gni1 +
(=(s=rWa+ (=) + (r+ )(s =)W1+ ((s = 7)* — (r + 1)(—5)) Wo)Gn.

(e) W, =WoGn+1 + (Wl — (7“ + 1)W0)Gn + (WQ — (T’ + 1)W1 — (8 — T)Wo)Gn_l.
) W, =wW1iG, + (W2 — ('V‘ + 1)W1)Gn_1 + (—S)WoGn_z.

Proof. Replace r, s and t with » + 1, s — r, —s, respectively, in [25, Lemma 37.]. O

Next, we present some basic relations between {H,,} and {W,,}.

Lemma 5.3. The following equalities hold:

(a) (7W227(7” — s+ 1) W12+SW02+(T+2)W1W27TW()W2+(T72S)WOW1)(7W2+TW1 +SW())Hn = (3W22+((7”+
D2 = (s—r))WE+(r+1)(—s)WE —4(r+ 1)WiWa —2(s — ) WoWa + ((r+1)(s — 1) — 3(—5) ) WoW1) Wai2 +
(=2(r 4+ 1)W3 4 3(—8)WT — 2(s — r)W1Wa — 3(—s)WoWa 4 3(r + 1)(s — r)WT + 2(s — ) (—s)W§ + 2(r +
D2WiWe +2(s — )2 WoW1 + (1 4+ 1) (s — r)WoWa + 2(r + 1) (—s) WoW1) Wit + (—(s = 1)WE + (s — )2 +
(r+1) (=) )WE43(=s)* W+ ((r+1)(s—1) = 3(—=8)) Wi Wa+2(r +1) (=) WoWa +4(s — 1) (—8) Wo W1 ) W,.

(b) (—W3 —(r—s+ 1) W+ sWg + (r + 2)WiWa — rWoWa + (r — 28)WoW1)(=Wa + Wi + sWo)Hy, = ((r +
DPWE+ (r 4+ D)W3 4+ 3(=s)WE + (r + 1)? (=) WG — 2(s — r)W1iWa — 3(—8)WoWa + 2(r +1)(s — r)W{ +
2(s—1)(—=s)W§g —2(r+1)*W1iWa 42(s — ) WoW1 — (r4+ 1) (s =) WoWa — (r + 1) (=) Wo W1 + (r+ 1) (s —
PYWoW1) Wit + (3(=8)°WE + 2(s — r)W3 + (r + 1)*(s — r)WE — 3(—=s)WiWa + (r + 1)(—s)W? — 2(s —
)2 WoWs — 3(r 4+ 1) (s — r)WiWa + 2(r + 1) (—8) WoWa + (s — r)(—8)WoW1 + (1 + 1) (s — ) (—8)W§ + (r +
1)(s —r)*WoW1) W + (3(=s)W3 + (=8)((r +1)* — (s =))W + (r + 1) (=8)* W5 — 4(r + 1)(—s)W1 W2 —
2(s = r)(=s)WoWa + (=s)((r + 1)(s — r) — 3(—s))WoW1)Wyp_1.

(€) (—Wi—(r—s+ 1) WE+sWE+(r+2)WiWao—rWoWa+ (r —28)WoW1)(=Wa+rW1 +sWo)H, = (((r+1)*+
2(5—7‘))W22+(r—(&—1)((7“+1)3+3(r+1)(s—r)+4(—5))W12+(—s)((r+1)3+3(r+ 1)(s—r)+3(—s)) W& —(
3(=s) +2(r + 13+ 50+ D(s —r))WilWa — ((r+ 1)%(s —7) + (r + 1)(=s) + 2(s — 7)) WoWa + ((r +
13(s—71)— (r+1)2%(=s)+3(r+1)(s =7)> + (s =) (=8) ) WoW 1) Wy + ((3(=8) + (r + 1) (s —r))W35 + ((r +
12 (s =) +2(r+1)(s —7)* +2(s =) (=5) + (r +1)*(=8))WF + (=s)((r + 1)(=s) + (r +1)*(s = 7) +2(s —
P2OWE =220+ 1) (=8)+ (s =)+ (r+ 1) 2 (s =) WiWa — (s =) ((r + 1) (s — ) + 5(—5)) WoWa + (2(s —
)2+ (r4+1)2(s — )% = 3(=)*)WoWi)Waor + ((r + 1)(—s)WF + (=s)((r + 1)° + 3(—s) + 2(r + 1)(s —
PNWE 4 (—8)2(r® + 25 + DYWG —2(=s)((s — ) + (r + D) )W1Wa — (—5)(3(—8) + (r +1)(s — r)) WoWa +
(=s)2(s =)+ (r+13%(s —7) — (r + 1)(—=s))WoW1)Wp_a.
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(d) —(r2+4s)(r+s—1)2Wn:(—2((r+1)2+3(5—r))W (r—l—l) +9(—=s)+7(r+1)(s— r))W1+(4(s r)
r+1)(=s)+(r+1)*(s—7))Wo) Hnt2+ ((2(r+ T)

2+ (2 (
3( D2 49(=s)+T(r+1)(s—r))Wo —2((r+1)* +4(r+1)*(s —
T)+6(*8)(7"+1)+(8*7“)2)W1*(4(T+1)(8*T)2+6(* Js—=7)=(=8)(r+1)*+ (r+1)*(s —7))Wo) Hn41+
((=3(r+1)(=s) +4(s —7)* +(7’+1) (s =m)W2 — (4r+ 1) (s = r)* + (r+ 1)*(s —7) — (r + 1)*(— )+
6(s—7)(=s))Wi+ (=(r+1)*(s —1)* +2(r +1)*(=5) + 9(—5)* —4(s —7)> + 10(r + 1) (s — 1) (—5)) Wo) Hn
(€) —(r?44s)(r4+s—1*W, = ((9(=s)+ (r+1)(s—7))W- ((r—|—1) (s— r)—|—3(—s)(r—|—1)+2(s )2 W1 —2(=s)
B(s—71)+(r+1)*)Wo)Hn 14 (—((r+1)%(s T)+2(8 )2 4+3(r+1)(=8))Wat((r+1)*(s—r)+3(r+1) (s —
PP (H)2 () +3(5—1)(—5) Wi+ (—5) (9(—3)+2(r-+1)°+T(r-+1) (5—1))Wo) Hv-+(~2(~s)((r-+1)7 +3(s—
) Wat(=5)(2(r+1)2>+9(=8)+7(r+1)(s—7))W1+(—5) (4(s—7)*+(r+1)*(s — ) 3(r+1)(—s))Wo)Hn—

) n—1
8)+(r+1)(s—r)* =2(r+1)*(=s)) W1+
5)+3(s—7)(—s))Wa+(2(r+1)*(—s) —
—(=8)2(s = 7)* +3(r + 1)(=s) + (r +
+1)2(s—7r)+3(r+1)(—s)+2(s —7)?)

(M) —(r*+4s)(r+s—1)°Wn = (2(3(r+1)(—=s) — (s —7)*) Wa+ (3(s — )(
(=8)(9(=s)+(r+1)(s—r))Wo)Hpn + (((r+1)(s— 7")2 2(7‘+1) (-
(r—|—1)2(s—r)2+4(r+1)(s—r)( s)—2(s—r) +9(— ) YWh
1)?(s =) Wo)Hn—1 + ((=5)(9(=5) + (r + 1) (s = 1)) W2 — (=s)((r
Wi — 2(=52(3(s — ) + (r + 1)) Wo) 2.

Proof. Replace r, s and ¢ with » + 1, s — r, —s, respectively, in [25, Lemma 38.]. O

6 RECURRENCE PROPERTIES OF GENERALIZED HORADAM-LEONARDO
POLYNOMIALS

Now, we give a formula for W_,,.
Theorem 6.1. Forn € Z, we have

_n 1
W_, = (_S) (WQn - H,W, + §(H721 - H27L)WO)~

Proof. Replace r, s and ¢ with » + 1, s — r, —s, respectively, in [25, Theorem 39.]. O

Next, we present the following corollary.

Corollary 6.2. Forn € Z, we get
(@ G-, = ()%4—1(( (7" + 1)(_5) - (5 - T)Q)ng + (_S)GQn + (5 - T)Gn+2Gn - (3(_5) + (7" + 1)(5 - T))G7t+lGn)~

(b) H_, = ~(HZ — Hay).

2(=s)" )
Proof. Replace r, s and ¢t with r+ 1, s —r, —s, respectively, in [25, Corollary 42] or put W,, = G, with Go = 0,G1 =

1,G2 = (r+ 1) and take W,, = H,, with Hy = 3, H, = (r + 1), H» = r + 25 + 1, respectively, in the last Theorem.
g

7 GENERALIZED HORADAM-LEONARDO POLYNOMIALS BY MATRIX
METHODS

In this section, we give matrix representations of the sequences W,,, G,,, H, and present Simson matrix and
investigate its properties.
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7.1 Matrix related to the Sequences V,,,G,, and H,

We define the square matrix A of order 3 as:

r+1 s—r -—s
A= 1 0 0
0 1 0

such that det A = (—s). We also define

( Ghi1 (s —=7)Gn + (—8)Gn-1 (—9)Gn )
B, = Gn (s =7)Gn-1+ (—=8)Gn—2 (—8)Gn-1
anl (S - 7‘)an2 + (_5 Gn73 (_S)Gn72
and
( Wn+1 (S — T)Wn + (7S)Wn_1 (78)Wn )
D, = Wi (s=r)Whoi1+ (=) Wh_2 (—=8)Wn_1 .
Whn—1 (3 - T)Wn—2 + (_S)Wn—S (_S)Wn—Q

Theorem 7.1. The following properties hold: for all integers m,n,
(@) B,=A4"ie,
r+1 s—r —s \" Gnt1  (s—1)Gn+ (—5)Gn-1 (—=s)Gn
1 0 0 = Gn  (s—7)Gno1+ (—9)Gn-2 (—5)Gn-1 | .
anl (5 - T)Gn72 + (_3 Gn73 (_S)Gn72
(b) D1A™ = A™D;.
(¢) Dptm = DBy, = BnDh, i€,

(@
A" = Gud A% 4 (s = )Gz + (—8)Gas) A+ (—8)Gual,

1 0 O
I=10 1 0 |.
0 0 1

Proof. Replace r, s and ¢ with » + 1, s — r, —s, respectively, in [25, Theorem 51.]. O

where

Now, we give matrix formulas for the generalized Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo-
Lucas polynomials.

Corollary 7.2. For all integers n, the following formulas for generalized Horadam-Leonardo polynomials and (r, s)-
Horadam-Leonardo-Lucas polynomials hold.

(a) (Generalized Horadam-Leonardo polynomials).
(’"Tl Y )( B zzi)
0 1 0 Aw (0) as1r  as2 ass
where

ann = ((r + DVWE + (=)W — WilWa + (s — r)WoW1)Wois + (W5 — (r + VWi Wa — (s — r)WoWa —
(=) WoW1)Woya + ((=8)WT — (—8)WoWa) W,

az1 = ((r + VWE + (=)W — WilWa + (s — r)WoW1)Whie + (W5 — (r + VW1 Wa — (s — r)WoWa —
(=) WoW1)Woi1 + ((—)Wi — (=) WoW2) Wi,
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as1 = ((r + VWE + (=)W — WilWa + (s — r)WoW1)Wpi1 + (W5 — (r + VW1 Wa — (s — r)WoWa —
(=) WoW1) Wy + ((—8)WE — (—8)WoWa) W1,

a2 = (s—r)(((r+ 1)W12 + (78)W02 —WiWa+ (s —r)WoW1)Wiq2 + (W22 —(r+1)WiWs — (s —r)WoWs —
(—8)WoW1) Wii14+((—8)WE—(—8)WoWa) Wy ) 4(—8) ((r+1)WE+(—s) WG — W1 Wa+(s—r)WoW1) W1+
(W3 — (r + 1)W1 Wa — (s = r)WoWa — (=s)WoW1) Wy, + ((=s)WE — (—s)WoWa)Whn_1),

a2 = (S*T)(((T+1)W12 + (78)W02 —WiWs + (S*T)WoWl)Wn.t,_l + (W22 — (7‘+ 1)W1W2 — (S*T)W()WQ —
(=) WoW1) Wy ((—8)WE —(—8)WoWa)Wy—1)+(=8) ((r+ 1) WE+(—8)WE = W1 Wa+ (s —r)WoW1) Wi, +(
W3 — (r+ 1)WiWa — (s — 1) WoWa — (=8)WoW1) Wit + (—8)WE — (—8)WoW2)Wp_2),

aze = (s =) (((r + DWE + (=)W = WiWa + (s — r)WoW1)) W, + (W3 — (r + 1)W1 Wa — (s — 7)WoWa —
(—8)WoW 1) Wa—1+((—8)WE—(—8)WoW2) W _2)+(—8) (r+ 1) WE+(—8)WE— W1 Wot(s—1r)WoW1) W1+
(W3 — (r + DWiWa — (s — 7)WoWa — (=8)WoW1)Wi_a + ((—8)WE — (—8)WoWa)Wy_3),

a1z = (=) ((r+D)WE+ (=)W = WiWa + (s — ") WoW1) Woao + (WE — (r + VW1 Wa — (5 — 1) WoWa —
(—8)WoW1)Wagi1 + ((—s)WE — (—s)WoW2) W),

azs = (—=8)((r + D)WE + (=)W = WiWa + (s — ") WoW1) Wog1 + (W3 — (r + DYWiWo — (s — ) WoWa —
(=) WoW )Wy + (=) Wi — (—=8)WoW2)Wy—1),

azs = (=8)((r + VW + (=s)Wg = WiWa + (s — YWoW) Wy + (W3 — (r + DW1 W2 — (s — 1) IWoWa —
(=) WoW )Wy + ((=s)Wi — (—s)WoW2)Wy—2),

Aw (0) given as in (4.2), i.e.,

Aw(0) = W5 —r(r—s+ D)Wy + (=s)°We —2(r + YW1 W35 — (s — 1) Wo W5
+(2 +3r — s+ DWaWP + ((r + 1)(=8) + (s — 7)*)WoW?
+(r+ 1) (—s)WiWa + 2(s — ) (—s)WeWi — (r* + 7 — 4s — 78) Wa W1 W.

(b) ((r, s)-Horadam-Leonardo-Lucas polynomials).

r+1 s—r —s \"
1 0 0
0 1 0

b1 bz bis
1
T A+ 1)3(=s) — (r+1)2(s —7)2 —4(s —7)3 +27(=5)2 + 18(r + 1) (s — 7)(—5) ( 221 ij 222 )

where

bi = (9(=s) + (r+1)(s = 1) Hnys — ((r + 1)*(s = 1) +2(s = 1)* +3(r + 1) (—=8)) Hn2 — 2(=s)((r +1)* +
3(s —7))Hni1

bz(l = (5)9)(;15) +(r+1)(s =) Hpr2 = ((r+1)*(s =) +2(s = 7)> + 3(r + 1)(=5)) Hn+1 — 2(—s)((r + 1)* +
3(s—r n,

1;3&1 = (5)’)(;[5) + (r+1)(s =) Hnt1 — ((r+ 1) (s =) + 2(s = r)* + 3(r + 1)(=8)) Hp — 2(=5)((r + 1)* +
bia = (s =) ((9(=s) + (r+1)(s = 7)) Hny2 — (r+ 1)*(s = 1) +2(s = 7)> + 3(r + 1) (—5)) Hn1 — 2(—s)((r +
1)?+3(s = 7)) Hn) 4 (=8)(9(=8) + (r + 1) (s = 7)) Hpp1 — (r + 1)*(s =) +2(s = 7)? + 3(r + 1)(—s)) Hp —
2(=s)((r +1)* +3(s — ) Hn1),

bae = (s — ) ((9(=8) + (r+ 1) (5 = 7)) Hog1 — (r+ (s =) +2(s — )2 + 3(r + 1)(—5))Hn — 2(—s)((r +
D2 43(s =) Hn1)+ (=8)((9(=8) + (r+ 1) (s =) Hp — ((r+1)*(s =) +2(s = )2 +3(r + 1)(—5)) Hp—1 —

2(=s)((r+1)? 4+ 3(s — 7)) Hp—2),
bsa = (s—7)((9(=5)+(r+1)(s—r)) Hn— (r+1)*(s = 1) +2(s —7)> +3(r+1)(—=s)) Hp—1 —2(—s)((r+1)*+
3(s = 1)) Hn-2)

2(=s)((r+1)?
b1z = (=s)((9(
1)* +3(s — ) Hn),

+ (=) ((9(=8) + (r+1)(s =) Hn1 = ((r +1)*(s =) +2(s = 7)* +3(r +1)(—s)) Hn—2 —
+3(s = 7)) Hn-3),
=)
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b2z = (=) ((9(=s) + (r + 1) (s = 7)) Hps1 — ((r + 1)%(s = ) + 2(s = r)* + 3(r + 1)(=5)) Hn — 2(=s)((r +
1)? +3(s = 7)) Hn-1),
bsz = (=) ((9(=s) + (r + 1)(s = 7)) Hn — ((r + 1)*(s = ) + 2(s = 7)> + 3(r + 1)(=8)) Hp—1 — 2(=s)((r +
1) +3(s —7))Hp—2)

Proof. Replace r, s and t with » + 1, s — r, —s, respectively, in [25, Corollary 52]. O

Next, we give an identity for W,,4,.
Theorem 7.3. (Honsberger Formula) We have

Wn+m = WnGm+1 + Wn—l((s - T)Gm + (73)Gm—l) + (73)Wn—2Gm
WnGm+y1 + ((8 — T)Wn_1 + (*S)Wn—z) Gm + (*S)Wn—le—la

for all integers m and n.
Proof. Replace r, s and ¢t with » + 1, s — r, —s, respectively, in [25, Theorem 53]. O
Corollary 7.4. We have the following properties:

Grim = GnGumit+Gn1((s— 1)Gom + (—8)Gom-1) + (—8)Gn_2Gim,
Hn+m = HnGm+1 + Hn—l((S - T)Gm + (_S)Gm—l) + (_S)Hn—QGnn

for all integers m and n.
Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [25, Corollary 54]. O

Corollary 7.5. We have the following properties:

Wint; = Gmn—1Wita + ((s = 7)Gmn—2 + (—8)Gmn—3) Wjt1 + (—8)Gmn—2Wj,
Grnt; = Gmno1Gipe+ ((s —7)Gmn—2 + (—=8)Gmn—3) Gj11 + (—8)Gmn—2Gj,
Hm7L+j = GmnlequQ + ((5 - T)Gmn72 + (_S)Gmnff)) Hj+1 + (_S)Gmn72Hj7

for all integers m and n.

Proof. Replace r, s and t with » + 1, s — r, —s, respectively, in [25, Corollary 55.]. O

7.2 The Simson Matrix

For n € Z, we define

Wn anl Wn72
Let us call this matrix as Simson matrix of the sequence W,,. Then, as special cases of W,

Gn+2 Gn+1 Gn Hn+2 Hn+1 Hn
fG(n) = Gn+1 Gn Grn-1 s fH(n) = H7L+1 H, H, 1 s

Wn+2 Wn+1 Wn
fW (n) = Wn+1 Wh Wh-1 .

Gn Gn—l Gn—Q Hn Hn—l Hn_g
are Simson matrices of the sequences G, and H,, ,respectively.
Lemma 7.6. The followings hold: For all integers n, m and j,

@ fw(n) =(+Dfwhn—1)+(s—r)fwn —2)+ (=s)fw(n - 3).
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(b)
fW(n) = AfW(n_1)7
fwn) = A"fw(0).
(c)
fwn+m) = A"fw(m),
fwn+m) = A"fw(n),
fwn) = A"fw(n—m).
(d)
fw(mn +j) = A™" fw(j)
and
fw(mn +§) = (Gn1A? + ((s = 1) G2 + (—=8)Gn-3) A + (=5)Gn—21)" fw (j)-
(e)
Whnta Wpir o Wy Grt1 (s =r)Gn+ (—5)Gn-1 (—5)Gn Wy Wh Wo
Wher  Wn Wi = Gn (s =7)Gn-1 4+ (—=8)Gn—2 (—8)Gn-1 Wi Wo W .
Wn  Wpot Wihoo Gno1 (s=7)Gn2+ (—=8)Gn-3 (—5)Gn—2 Wo W_1 W_,
()
Whto Whp W 1 ail a2 Q13 Wy Wy Wo
Wn+1 Wh Whn_1 = A (0) a1 a2 @23 Wi Wo W_1
Wn  Whor Wihoo w a3 as2 ass Wo W_o1 W_e
where ass, a3, a1s3, as2, a2, a12,as31, a21, a1, and Aw(O) are as in Coro//ary 7.2 (a) (In the last Identlty
above, we replace n withm in ass, azs, a1s, asz, azz, a12, a3, G21, G11).
(9)

W1 Wy Wn-1 B 2
W, Wor Wos —(r24+4s)(r+s—1)

where bss, bas, bis, bs2, baz, b12, b31, ba1, b11 are as in Corollary 7.2 (b) (in the last identity above, we replace
n With m in bss, bas, bis, bs2, baz, b12, bs1, ba1, b11).

bi1 bz bis Wy Wi Wo
ba1 baa  bos Wy We W_1
(erg Wnir o Wa )_ b31 bs2 b33 Wo W_1 W_o

Proof. Replace r, s and ¢ with » + 1, s — r, —s, respectively, in [25, Lemma 56]. O

By taking the determinant of both sides of the identities given in Lemma 7.6, one get the following Theorem.
Theorem 7.7. For alln,m € Z, the following identities are true.
(@) Catalan’s Formula:
det(fw (n +m)) = ()" det(fw(m)), det(fw(n)) = (—5)" det(fw(n —m)).
(b) Cassini’s(or Simson’s) Formula (see Theorem 4.1):
det(fw (n)) = (—s)" det(fw (0)).
Proof. Replace r, s and ¢ with » + 1, s — r, —s, respectively, in [25, Theorem 57]. O

By using the last Theorem, one get the following Corollary which produces determinantal formulas of (r, s)-
Horadam-Leonardo polynomials (put W,, = G,, with Go = 0,G1 = 1,G2 = (r + 1)).
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Corollary 7.8. For alln,m € Z, the following identities are true.
(a) Catalan’s Formula:

det(fa(n +m)) = (—s)" det(f(m)), det(fa(n)) = (—s)™ det(fa(n — m)).
(b) Cassini’s(or Simson’s) Formula:

Gn+2 CTYn+1 Gn
Gn+1 Gn anl
Gn anl Gn72

= —(—s)n_l.

det(fa(n)) = (—s)" det(fe(0)), i.e.,

By putting W,, = H,, with Hy = 3,H; = (r + 1), Hs = r* + 2s + 1 in the last Theorem, one get the following
Corollary which produces determinantal formulas of (r, s)-Horadam-Leonardo-Lucas polynomials.

Corollary 7.9. For alln,m € Z, the following identities are true.
(a) Catalan’s Formula:
det(frr(n+m)) = (=5)" det(fr (m)), det(frr(n)) = (~5)™ det(fa (n — m)).

(b) Cassini’'s(or Simson’s) Formula:

det(frr(n)) = ()" det(fx (0)).

8 THE SUM FORMULA >,  :*W,,.; OF GENERALIZED
HORADAM-LEONARDO POLYNOMIALS

Now, we present the sum formula >_7_, 2" Wi+ of generalized Horadam-Leonardo polynomials.

8.1 The Sum Formula "} _, z*W,,..; of Generalized Horadam-Leonardo
Polynomials in Terms of Generalized Horadam-Leonardo Polynomials

We can give the sum formula >~} _, 2" Wi+, of generalized Horadam-Leonardo polynomials (in terms of elements
of the sequence of generalized Horadam-Leonardo polynomials).

Theorem 8.1. For allm, j € Z, one get the following sum formulas.
(a) /fZ3F1 + 22F2 +z2I'3+ T4 7& 0 then

i ZkW o Zn+3@1 + Zn+2@2 + 2n+1@3 + 22@4 + 205 + Og o 6w(z)
Rt 2301 + 22T + 23 + T4 - I'w(z)

where

Ow(2) = 2"1301 + 220, + 2" 1103 + 2°O4 + 205 + Og,

2"01 = 2" (WiWE s Wangmns2 (= Wi+ (r+ )W) Wi oW1 +(= Wiga+ (r+1) W1 +(s—
PYWHWa s oaWanimn + (= Wit + (s — )W) W2 11 Wangmnte — ((—8) + (r+ 1) (s =))W W2 11 Wintmnt1 +
((s = 1)Wigz — ((=s) + (r + (s = 1)W1 — (s = 1)’ W))W s Wingmn — (=)W Wit1 Winmnt2 +
( ) Wg+2+(r+1)wj+1)Wg’bwmjtmnqtl_(_3)2WjW»sszern'i‘(WjJrl+(T+1)Wj)Wm+2Wm+1Wm+mn+2+
( j+2 — (7” =+ 1)WJ+1)Wm+2W Wmtmn+2 + (*(S — T)W]'+1 + (*S)Wj)Wm+1Wme+mn+2 =+ (Wj+2 —

(r + W) WansaWans i Wngmnt1 + (=(r + DWjgz + (7 + 1)* + (s = 7)) Wjt1 + (=8)Wj) Wans2 W
Wingmnt+1 + (=(s =) Witz + ((=8) + (r + 1)(s = 7)) Wjs1 — (1 + D) (=) W) Wi i Wi Wit mnt1 + (7 +
DWite W1 Wing oW mn + (=) WiWen - d Wit o Wiy — (1 + 1) (8 = 1) Wi Wt Wen o Wi pmn — (1 +
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1?*Wis 1 Wani 1 Won 2 Wingemn + (=8) (W1 = (1 + )W) Win 2 Wi Won i + (=8) (W2 — (5 + 1) Wi —
2(5 - 7”)VVJ')VVWWIVVmVVm-&-mn)’

220y = 2" P2 ((=WoWjta+((r+1)Wo—Wi) W1+ 2Wa— (r+ 1) W1) W) Wit 2 Win 2+ (W1 W2+
((s=r)Wo=W2)Wj 1 = ((r+1)Wat2(s—r) Wi+ (=s)Wo)W; ) Wi 11 Win s mn 2+ (= WaWjia+((r+ 1) W2+
(s=r)Wi42(=s)Wo)Wjs1— (=) WiW) Wi Wintmnt2+(((r+ 1) Wo = W1) W2 +(2Wa — (r+1)*Wo — (s —
PYWo)Wjs1 + (=2(r + DWa + (1 + 1)* W1 — (=) Wo)W; ) Wins2oWansmnt1 + ((=Wa + (s — 1) Wo) Wiz —
((r + 1) (s = 1)Wo + (=)Wo)Wjt1 + ((r + 1)*Wa + 2((=s) + (r + 1)(s — 7))W1 + (r + 1)(—5)Wo)W;)
W1 Wontmnt1 + (((r + D)Wa + (s = r)Wi + 2(=s)Wo)Wjta — ((r + 1)*Wa + (r + 1)(s — r)W1 + 2(r +
D(=s)Wo+(s—r)Wat(—=s)W1)Wj 114+ (=s) ((r+ 1) Wi=Wo )W; ) Wi Wit mn+1+((2W2— (r+ 1) W1) W42+
((r+ 1)W1 =2(r + )Wa — (=) Wo) W1+ ((r+ 1) (s = 1)W1 = 2(s =) W2 — (—=s) Wi + (r + 1) (=) Wo) W)
Wit 2Wontmn + (= ((r + 1) Wa +2(s = 1) Wi 4 (=) Wo) Wta + ((r +1)°Wa +2((—s) + (r + 1)(s —r)) W1 +
(r+ D)(=)Wo)Wii1 + (((r + 1) (s —7) = (=8))Wa + 2(s — 7)*W1 + 2(s — ) (—=8) Wo) W5 ) War i1 Wt +
( ) W1WJ+2 + ((r =+ 1)W1 WQ)WJ+1 =+ ((7‘ =+ 1)W2 + 2(8 — T)Wl + 2(—8)W0)Wj)Wme+mn),
2" O3 = 2" T (WoWe = WEYWpa 4 (— (=) WG+ WiWa — (r4+ 1) WoWa — (s — r)Wo W1 ) W41+ (- W3 +
(S — ’I“)Wl (7“ + 1)W1W2 =+ ( )WOW1)W )Wm+mn+2 =+ (( ( S)VVO2 + WiWs — (’I“ + 1)WOW2 — (S —
PYWoW1)Wjpot+(=W3 +(r+1) (=) W5 +((r+1)*+(s—7)) WoWa+((—s)+(r+1) (s—r)) Wo W1 ) W1 +((r+
1)W227((7‘+1)(37T)+(78))W127(7“+1)2W1W2+( )W()Wz*(T+1)(*S)W0W1)Wj)Wm+mn+1+((*W22+
(s—r)Wf—l—(r—i—l)WlW2+(—3)W0W1)WJ+2+((T+1)WZ ((r+1)(s—r)+(—s))W12—(r+1)2W1Wg—i—(—s)Wo
Wo — (r+ 1)(=s)WoW)Wji1 + ((s = m)W3 — (s = 1)’ WP — (=) W5 + ((=s) — (r + 1)(s — 7)) W1 W2 —
(T‘ —+ 1)(78)W0W2 - 2(3 — T')(* )W()W1)W )Wm+mn)

2204 = 22 (WoWjs2 + (Wi — (r + 1)Wo) W1 + (W2 — (r + 1)W1 — (s = r)Wo)W;)W7 o + (W2 — (5 —
PYWo)Witz+((—s)Wo+ (r+1)(s =r)Wo)Wit1 + (s —7)*Wo+ ((r+1) (s =) + (—s)) W1 — (s — ) Wa) W)
Wep1 + (=) (WiWjpo + (W2 — (r + W) W1 + (=s)WoW; )W, 4+ (—=(Wa + (r + D)Wo) W + ((r +
1)*Wo = Wo)Wit1 4+ (= (r+ 1) Wa+ (r+1)° Wi+ ((r+1) (s —r) = (=) Wo ) W;) Wit 1 Winia + (((r+ 1) Wi —
W2)Wii2 + ((r+ DWa — ((s =) + (r + 1)) W1 = (=) Wo) W1 + (=) ((r + 1)Wo = W)W ) W2 Wiy, +
((s=r)W1—=(=8)Wo)Wjp2+((s—m)W2— ((r+1)(s—r) +(=s)) W1+ (r+1)(—=s)Wo) Wj41+ (=) (- W2+
(7‘ =+ 1)W1 + 2(5 — T)Wo)Wj)Wm+1Wm),

205 = 2((WE = WoWa)Wisa + ((—s)WE — WilWa + (r + DWoWa + (s — r)WoW1) Wig1 + (—2W3 — (r +
1)2WE — (=s)(r 4+ D)WE + 3(r + YW1 Wa 4 2(s — r)WoWa + (2(—5) — (s — 7)(r + 1)) WoW1)W;) Wini2 +
(=)WG =WiWa+ (r+ 1)WoWa+ (s —r)WoW1)Wjso + (W3 — ((r+1)* + (s —r))WoWa — ((r+ 1) (s —7) +
(=))WoW)Wig1+((r+1)W3 —=2((—s)+ (r+1)(s—r)) Wi —=2(s—7) (=) W5+ (2(s —r) — (r4+1)>) W1 Wa +
(2(—5)—(r+1)(s—r))WOW2—(2(8—7‘)2—1—(r—i—l)(—s))WoWl)Wj)WmH—|—((W22—(s—r)Wf—(r—i—l)Wle—
(=) WoWD)Wjpot+(—(r+ 1) W3 +((r+1)(s—7)+(—8)) Wi+ (r+1)* Wi Wa— (—s) Wo Wa+(r+1) (—s) WoWh)
W1+ (=8)(—(r+ D)W =2(=8) WG +2W1 Wa— (r+ 1) WoWa —2(s =) WoW1) W ) Wy — (r+1) (=) WEW, 11
Wm+1)7

O = (W3 + ((=s) + (r + 1) (s — ))WP + (—)° W5 — 2(r + YWIW5 — (s — r)WoW35 + ((r +1)* — (s —
r))Wsz+((sfr)Q+(r+1)(73))W0W12+(r+1)(73)W02W2+2(sfr)(fs)W02W1+((r+1)(sfr)73(fs))
WoW1 Wa)Wj,

and

Fw(z) = ZBF1 + 22F2 + 2I'3 + Iy,

2’T1 = 2°(=(=9)" (W5 4+ ((=s) + (r + 1)(s — ))W7 + (=)’ W5 + ((r + 1)® = (s — r))WiWa — 2(r +
DWAWSE — (s — 1)WoW3 + (r + 1)(—=s)WgWa + ((s — )% + (r + 1)(=8))WoW? 4 2(s — r)(—s)WgW1 +
((r+1)(s —7) = 3(—s)) WoW1W2)),

2Ty = 22 ((BWa =2(r+ 1)W1 —(s—r)Wo)Wp, yo+(((r+1)2 = (s—r)) W+ (3(r+1) (s —7)+3(—s)) Wi+ ((s —
T’)2+(T+1)(78))W0)W,2n+1+(7S)((T+1)WQ+2(87T)W1+3(7S)W0)W72n+(74(7‘+1)WQ+2((T’+1)27(87
r)Wi+((r+1)(s—7)=3(=8))Wo) W2 Wing1+(=2(s =) Wa+((r+1)(s—7) —3(—5)) W1 +2(r+1)(—s)Wo)
Wint2Won 4+ (((r + 1)(s —7) = 3(=8))Wa + 2((s — 7)* + (r + 1)(=8)) Wi + 4(s — 7) (=) Wo) W11 W),
23 = 2((=3W3+((s—7) = (r+ D))WE — (=8) (r + YW +4(r + YW1 Wa +2(s — r)WoWa + (3(—s) — (s —
) (r 4+ D)WoW1) Winge + 2(r + DYW3 — (3(r+1)(s — 1) +3(—8))WE —2(s —r)(—8) W& + (2(s — ) — 2(r +
D?)WiWa+ (3(—s) = (r+1)(s—r))WoWa —2((s—7)> + (r+1) (=) ) WoW1) Wi g1+ ((s =) W5 — (s —7)* +
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(r +)1)(—s))W12 —3(=8)* WG 4 (3(=s) — (r + 1) (s — 7)) W1 Wa — 2(r 4+ 1)(—8)Wo W2 — 4(s — r)(—s)WoW1)

Wm ’

Ty =W34+((=s)+(r+ D) (s—r)) W4 (=)W =2(r+ D)W WE+((r+1)% = (s =) ) WiWa — (s —r)Wo Wi +

((s=1)2+(r+1)(=s))WoWi + (r+1)(—s)WgWa+2(s —7) (=)W Wi+ ((r+ 1) (s — ) — 3(—s)) Wo W1 Wo.
(b) /23Ty + 2°T2 4+ 2T'3 + Ty = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C withu #0anda # b # ¢, i.e.,

z=ao0rz=>borz=cthen

i o _(n+ 3)2"201 4+ (n +2)2" MO + (n + 1)2"03 + 2204 + O
= 32T + 2215 + Ty |

(€) If23T1 +2°To + 2T3 + Ty = u(z —a)*(z — b) = 0 for some u,a,b € Cwithu A0 anda # b, i.e.,z=aorz=>b
then for z = a we get

isz o (n+3)(n+2)2""01 + (n+2)(n+1)2"02 + (n+ 1)nz""103 + 204
=0 mhtg 6ZF1 —|— 2F2 ’

and for z = b we get

i e (n+3)2""20, + (n+2)2"" 02 4+ (n + 1)2"O3 + 2204 + O
=T 32T + 2215 + Ty |

(d) Ifz°T) + 2°To 4+ 23+ Ty = u(z — a)3 =0 for some u,a € C withu # 0, i.e., z = a, then

“\ Mm+3)(n+2)(n+1)2"01+ (n+2)(n+ Dnz""'02 4+ (n+ 1)n(n — 1)2" 203
ZZ kaJr] = 6F1 .
k=0

Proof. Replace r, s and t with r 4+ 1, s — r, —s, respectively, in [25, Theorem 61]. O

Next, we present some special cases of the last Theorem.
Theorem 8.2. One get the following summing formulas.
@ (m=1,j=0).
(i) If22(—(=8)) +22(=1)(s =) + 2(=1)(r + 1) + 1 # 0 then

n . B Ql
D N e I

where
Q1 = 2"T3(=1) (=)W + 2" T2((r + DWos1 — Wia2) + 2" T (1) Wiyt + 22(We — (r + 1)W1 — (s —
’I“)WQ) + Z(Wl — (7" + 1)Wo) + Wo.

(ii) MF23(—(=s)) +22(=1)(s =) + 2(=1)(r + 1) + 1 = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C
withu £20anda #b#c,i.e,z=ao0rz="borz=cthen

n . B QQ
) s ey s e oy

where
Qo = (n+3)2" "2 (=1)(—=8) Wi+ (n+2)2" T ((r + D) Wha1 — Wag) + (n41)2" (= 1) Wap1 +22(Wa —
(T’ =+ 1)W1 — (S — T)WU) =+ (Wl — (T 4+ 1)Wo)
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(i) /F23(—(=s) +22(=1)(s—7r)+2(=1)(r+1)+1 =u(z—a)?(z— b) = 0 for some u,a,b € C withu # 0
anda #b, i.e., z=a orz =" then for z = a we get

o Q3
2 M S 26—

where

Q3 = (n+3)(n4+2)2" T (=1)(—=8) Wi +(n4+2) (n+1) 2" (r+ 1) Wis1—Whpo) F(n+-1)nz" " (= 1)W1+
2(Wa — (r + 1)W1 — (s — r)Wo)

and for z = b we get

k _ Q4
kZ:OZ M= S T (DG - + (D + D)

where
Q4= (n+3)2"(=1)(=8)Wn + (n+2)2" " ((r+ 1)Wns1 — Wai2) + (n+1)2" (= 1) Wyg1 +22(W2 —
(r+ 1)W1 — (s —r)Wo) + (Wh — (r + 1) Wp).

(iv) If23(=(=s)) + 22 (=1)(s =) + 2(=1)(r + 1) + 1 = u(z — a)® = 0 for some u,a € C withu # 0, i.e.,

z = a, then
~ K Qs
2 W, =
2 6(—(~5))

where
Qs = (n+3)(n+2)(n+ 12" (=) (=) Wn + (n+2)(n + Dnz""((r + DWhi1 — Wape) + (n +
Dn(n —1Dz""2(=1) W1

(b) (m=2,7=0).
(@) 1F23(—(=9)%) +22(=2(r + 1)(=s) + (s = 7)) + 2(=1)(r* + 25 + 1) + 1 # 0 then

0
~ F(—() + 22+ D)+ (s =) + A7 + 25+ D)+ 1

3

where
Q= 2" (—1)(=8)*Wan +2"2((s — 1) Wangz — ((r+ 1) (s — 1) + (=5) Wans1 — (r+ 1)(—5)Wan) +
D) Wangz + 27 (= (s = 1)Wa o+ (=) + (r + 1)(s = r) W1+ ((s = 1)* = (r+ 1) (=5)) Wo) + 2(Wa —
((r+1)* +2(s — 7)) Wo) + Wo.

(ii) 1F23(—=(=s)) +22(=2(r+ 1)(=s) + (s = 7))+ 2(-1)(r* +2s+ 1)+ 1 =u(z —a)(z —b)(z—¢c) =0
for some u,a,b,c € Cwithu #0anda #b#c,i.e.,z=aorz="borz=cthen

k _ Q2
Z:: Vo = g + 220 + (=) + 517 + (D + 25+ )

where

Q2 = (n+3)2""2(=1)(=5)*Wan + (n +2)2" 7 ((s = ) Wany2 = (r + 1) (s = ) + (=8)) Want1 — (r +

1)(=8)Wan) + (n +1)2" (= 1) Want2 + 22(—(s =)Wz + ((=8) + (r + 1)(s = ) ) W1 + ((s = 7)* — (r+

1)(=5))Wo) + (W2 — ((r +1)* + 2(s — 7)) Wo).

(i) /23 (—(—8)?)+22(=2(r+ 1) (=s)+ (s = 1)) +2(=1)(r* + 25 + 1) + 1 = u(z — a)*(z — b) = 0 for some
u,a,b e C W/thu;éo anda #b, i.e., z=a orz ="b then for z = a we get

n . B 2%
kZ:Oz War = 6z(—(—$)2) + 2(—2(r + 1)(—s) + (s — r)?)
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where
Q3 = (n43)(n+2)2"" (= 1)(=5)*Wan+(n+2)(n+1)2" ((s—1) Want2 = ((r+1) (s —7) +(=5)) Wan41—
(r + 1)(=8)Wan) + (n + 1)nz""H(=1)Wans2 + 2(=(s = r)Wa + ((=s) + (r + 1)(s — 7)) W1 + ((s -
7)? = (r +1)(=s))Wo)
and for z = b we get

i A Q
ST TR P20+ D) + (- A F ()P 25 D)

where

Qu = (n+8)2" (1) (=) Wa + (4 2)2" (5 — 1) Wansa — (r+ 1)(s — ) + (=) Wans1 — (1 +

1)(=8)Wan) + (n +1)2" (= 1) Want2 + 22(=(s =) W2 + ((=8) + (r + 1)(s =r) W1+ ((s = 7)* = (r +

1)(=5))Wo) + (W2 — ((r +1)* + 2(s — 7)) Wo).

(iv) If23(—(=5)) + 22(=2(r + 1)(=s) + (s = 7)) + 2(=1)(r* + 25 + 1) + 1 = u(z — a)® = 0 for some
u,a € Cwithu #0, i.e., z = a, then

e s
2 W = 5

where
Qs =(n+3)(n+2)(n+ 1)2"(—1)(—8)2W2n +(n+2)(n+ 1)nz"71((s — ) Waong2 — ((r+1)(s—7)+
(=) Want1 — (r + 1)(=8)Wapn) + (n + 1)n(n — 1)2" " 2(=1)Wapto.

(@) 1F23(—(=9)%) +22(=2(r + 1)(=s) + (s = 7)) + 2(=1)(r* + 25 + 1) + 1 # 0 then

- _ o
g Mot = ) + (20 T (=) + ) T A2 T 25 1 1) + 1

where
Q1 = 2 (—(=8)2 Wan 1) + 2" (= (=) Wanya + (5= 1)% = (r+1)(=8)) Wan 1 + (s—1)(—s) Wan) +
2" =) ((r + 1)Wanga + (s — 1) Wan g1 + (=) Wan) + 2% (=) (W2 — (r + 1)W1 — (s — )W) + 2((r +
DWa — ((r+1)2 + (s — 1)W1 + (—8)Wo) + Wh.

(ii) F23(—(=s)H) +22(2(r+1)(=s) + (s =) +2(-1)(r* +2s+ 1)+ 1 =u(z —a)(z—b)(z—¢c) =0
for some u,a,b,c € Cwithu #0anda #b#c,i.e,z=ao0rz="borz=cthen

n . B Qz
;) P = S o) T 220+ D(=9) + =) + (D2 + 25+ 1)

where
Qa2 = (n+ )2 2(— (=) Wansa) + (1 + 22" (—(=5)Wansa + ((5 = 1) — ( + 1)(=5))Wans1 +
(s =) (=s)Wan) + (n+ 1)2" (=1)((r + DWani2 + (s — r)Wani1 + (=) Wan) + 22(=s)(W2 — (r +
DW= (s —)Wo) + ((r + D)Wa — ((r + 1) + (s — 7)) W1 + (—s)Wo).

(i) /22 (—(=8)2)+22(=2(r+ 1) (=) + (s = 1))+ 2(=1)(r> + 25 + 1) + 1 = u(z — a)*(z — b) = 0 for some
u,a,b € Cwithu #0anda #b, i.e., z=a orz = b then for = = a we get

n . 3 Q3
;Z Wakt1 = 62(—(—5)2) + 2(=2(r + 1)(—=s) + (s — r)?)

where
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Q3 = (n+3)(n + 2)2" (=) Wans1) + (n + 2)(n + 1)2" (=(=8)Wani2 + ((s = 7)* — (r +
1)(=8))Want1 + (s = r)(=s)Wan) + (n+ D)nz""H(=1)((r + DWanio + (s — 1) Wani1 + (—5)Wan) +
2(—=s)(We — (r + YW1 — (s — r)Wo)

and for z = b we get

n . B Q4
> # Warpr = 322(—(=8)2) + 22(=2(r + 1)(=s) + (s = 7)2) + (=1)(r2 + 25 + 1)

where
U = (14 920 War) (14 D (W + (0= 14 D)W +
(s =) (=8)Wan) + (n + 1)2" (=1)((r + 1)W2n+2 + (s = r)Wapy1 + (—8)Wayp) + 22(—s)(Wa — (r +

W1 — (s —r)Wo) + ((r + 1)W2 ((r+ 12+ (s — r))W1 + (—s)Wo).
(iv) If 23 (—(=5)) + 22(=2(r + 1)(=s) + (s = 7)) + 2(=1)(r* + 25 + 1) + 1 = u(z — a)® = 0 for some
u,a € Cwithu #0, i.e., z = a, then
" _ %
2 W = 5

where
Qs = (n+3)(n+2)(n+1)2" (—(—5)*Wans+1) + (n+2)(n+ 1)nz" " (—(—s)Wany2 + ((s —7)* — (r +
1)(=8))Want1+(s—7) (—=5)Wan) + (n+ 1)n(n—1)2""2(=1)(r+1) Wan 12+ (s =) Wan 1+ (=) Wan).

8.2 The Sum Formula ") _ z*1V,,,.,; of Generalized Horadam-Leonardo

Polynomials (in Terms of Generalized Horadam-Leonardo Polynomials and
(r, s)-Horadam-Leonardo Polynomials)

The sum formula > 7_, 2*Wik4; of generalized Horadam-Leonardo polynomials (in terms of elements of the
sequence of generalized Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo polynomials) can be given

given as follows.
Theorem 8.3. For allm,j € Z, one get the following summing formulas.

(a) IfZ3F1 + Z2P2 +z2I'3+T4 # 0 then

i ZkW S Zn+391 + Zn+2@2 + Zn+1@3 + 22@4 + 205 + Og
mh 2301 + 22T + 23 + Ty
_ 9¢(2)
Ta(z)

where
Oc(z) = 2"1301 4+ 2" 02 + 2" O3 + 2704 + 205 + O,

201 = 2" (WG o H (Wt (s—1)W;) Gt — (=)W1 G+ (Wi +(r+ D)W ) G2 G +
Witz — (r + 1)Wig1)Gms2Gm + (= (s = 1)Wjt1 + (—5)W;)Gm4+1Gm) Gmtmn+2 + ((— W]+1 +(r+1)W;)
G = ((=8)+(r+ 1) (s =)W, GF 1 +(=8) (= Wia+ (r+ D)W1) Go+ (Wiga = (r+1)° W) G 2G g1 +

(=(r + Witz + ((r +1)° + (s = 1)W1 + (=8)W;)GmiaGm + (=(s = 1)Wisa + ((=s) + (r + 1)(s —

)
(=8) + (r+1)(s = r)Wjg1 = (s = 1)*W;)Glia = Wi (=8)?GR, + Wy (r +1) = (r +1)*Wisa + ((—s

VWit —(7“+1)(—S)WJ‘)Gm+1Gm)Gm+mn+1 +((= WJ+2+(T+1)WJ+1 +(s—r )Wy)Gm+2+((S—T)Wj+2 -

(
(r+1(s = m)W;)Gmi2Gmir + (=5)(Wjt1 — (1 + W) Gmi2Gm + (=) (Wita — (r + 1)W1 — 2(s —

' Wj)Gm.HG

)Gm+mn)7
n+2 @2 — Zn+2(

(((r + 1)Wj — Wj+1)Gm+2 + (2Wj+2 — (7" + 1)Wj+1 - ((7' + 1) + 2(5 - T))W]) m—+1 +

(=(r + DWjgo + (r + 1)° + (s = r))Wis1 — (=8)W5)Gm)Gmimni2 + ((2(r + YW1 — Wyga — (r +
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1?Wi)Ggz + (—(r+ W2+ ((r+1)° +2(=s) +2(r + 1) (s — 7)) W;) m+1+(((7“+1)2+(5—?“))Wj+2—
((r+1)° +2(r + 1)(s = ) + (=8))Wj41)Grm) Grmtmnt1 + ( (7” + Witz — (r 4+ 1)*Wigr — ((r + 1)(s —
) + (=s)W;)G mt2 + (=((r + 12 +2(s =))Wz + ((r +1)° +2(r + 1)(s — ) + 2(— ))WJ+1 + ((r+
1)2( 7)’)+2(8—7“) — (r+ 1) (=8))W;j)Gmt1 +2(s =) (=8)W;Gr — (=8) G Wigz + (r +1)*(=s)W; Gin)
m+mn )

203 = 2" (= Wyge + (r+ D)Wita + (s =1)Wj) Gtz + ((r+ 1) Wtz — (r+1)* Wi — ((r+1) (s —
)+ (=))Wi)Grmtmnir+((s=r)Wiso = (r+1) (s =7) +(=8)) W1 — ((s =7)° = (r+ 1) (=) W) Gramn),
2204 = 22(Gh 2 Wit 1 H(r+ DWia +(=8)W;) G 1 +(=8) G Wi = (r+ D) Wit + Wit 2) G 1 Grpo —
(s =) Wjs1 + (=8)W;)GnGmi2 + (s = 1)Wjt2 — (=8)Wjt1)GnGms1),

205 = 2(Wjt2 — (r+ DWis1)Gmso + (= (r+ 1) Wjso + (r+ 1)W1 = 2(=8)W;) Grp1 + (= (s = 1) W2 +
(=$)Wis1 + (r+ 1)(s = r)Wjt1) + (r + 1)(=8)W;)Gm),

O = (—s)Wj,

and

Fa(z) = T'i(z) + T2(2) + s(z) + Ta(2),
2Ty = 28(—(—s)"™+),

(
22Ty = 22((r+1)G2 1o+ ((r+1)3 4 2(r+1) (s —r) +3(— ))ng+1+((T+1)2(7S)+2(87T)(73 VG2, —2((r+
12+ (5—1)) Gt 1 G — (1) (5—1)+3(—8)) G Gony2-+ (141 (5= 1) 4 25— 1)~ (r-+1) (= 8)) Gon G 1),
L5 = 2((s = 1)Gmsz = ((r +1)(s = 1) +3(=8))Gms1 + 2(r + 1)(=5) = (s = 1)*)Gm),
F4 = (7.9).
(b) If2°T1 + 2°T2 4 2T'3 + Ty = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C withu # 0 anda # b # ¢, i.e.,
z=ao0rz=>borz=cthen

zn:sz _ (n+3)2"P01+ (n+2)2"'Os + (n+1)2"O3 4 2204 + O
s 32211 + 2202 + 3 '

(€) 2%y +2°To+4 23+ T4 = u(z —a)?(z —b) = 0 for some u,a,b € C withu #0 anda #b,i.e., z=aorz=»a
then for z = a we get

zn:sz _(n+3)(n+ 2)2"M 01 4+ (n+2)(n 4+ 1)2"02 + (n 4 1)nz" 103 + 204
mht 62Ty + 202 ’

and for z = b we get

i KW (n+3)2""20, + (n+2)2"" 0y 4+ (n+ 1)2"O3 + 2204 + O
mhti = 32211 + 220 + 13 '

(d) /2Ty + 2°Ty + 23 + Ty = u(z — a)® = 0 for some u,a € C withu # 0, i.e., z = a, then

" M+3)(n+2)(n+1)2"01 4+ (n+2)(n+ 1)nz""102 + (n+ 1)n(n — 1)2" 203
Zz ka+j = 6F .
1

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [25, Theorem 63]. O

Some special cases of the last Theorem can be given as follows.

Theorem 8.4. One get the following sum formulas.

@ (m=1,j=0).
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(i) If22(=1)(=s) + 2*(=(s — 7)) + 2(=(r + 1)) + 1 # 0 then

S 951
kZ:Oz W= 23(=1)(=s) +22(—(s —7)) +2(—(r+1)) +1

where
= z”+3((7W2 + (r4+ 1)W1+ (s — r)Wo)Gny2 + ((r+ HWo — (r + 1)2W1 —((r+1)(s—7r)+
(=8))Wo)Grnsr + ((s = 1)Wa = ((r + 1)(s = ) + (=)W1 + ((r + 1)(=s) = (s — 1) )W0)Gy) +
2"T2(=Wi 4 (r + )W) Gaga — (Wa —2(r + D)W1 4 (1 + 1)2W0)Gnp1 + ((r + D)Wa — (r +1)*W; —
((r+1)(s=7) + (=8))W0)Gr) + 2" (= Wo Gtz + (=Wi + (r + )Wo)Grs1 + (=Wa + (r + YW1 +
(s = m)Wo)Gr) + z2(W2 —(r+ 1)W1 — (s —r)Wo) + 2(W1 — (r + 1)Wo) + Wo.

(ii) 122 (—1)(=s)+22(=(s—7)) +2(=(r+ 1))+ 1 = u(z — a)(z — b)(z — ¢) = 0 for some u, a, b, c € C with
u#0anda#b#c,ie,z=a0rz="borz=cthen

S Q>
kzzoz Wh = 3D (ms) + 2a(—(s— 1) + (—(r + 1))

where

Qo = (n+3)2"T2((-Wa + (r + YW1 + (s — 1)W0)Grnga + ((r + DWa — (r + 1)2W1 — ((r + 1)(s —
7) + (=8)Wo)Grg1 + ((s = )W — ((r + 1)(s = 7) + (=)W1 + ((r + 1)(=s) = (s — r)*)W0)Gn
Y4+ (n4+2)2" TN (=Wh + (r 4+ DWo)Grao — (Wa = 2(r + D)Wy + (r + 1)2W0) Gyt + ((r + 1)Wa —
(r+ 1)W1 — ((r +1)(s = ) + (=8))Wo)Gn) + (n+ 1)2" (= WoGn2 + (=Wi + (r + ))Wo)Grs1 +
(—Wz =+ (T + 1)W1 + (S — ’I‘)Wo)Gn) + 2Z(W2 — (T =+ 1)W1 — (S — ’f’)Wo) =+ (Wl — (7‘ + 1)W0).

(i) /fz3(=1)(=s) +22(=(s — 7))+ 2(—(r+ 1)) + 1 = u(z — a)?*(z — b) = 0 for some u,a,b € C withu # 0
anda #b, ie,z=aorz=~"bthen forz = a we get

kg Qs
2 WS G 2 )

where

Q=Mn+3)(n+2)2"T(=Wa+ (r 4+ D)W1 + (s = 1)Wo) Gz + (r + DWa — (r + 1)W1 — ((r +
1)(s =7) + (=8))Wo)Grs1 + ((s = 1)Wa = ((r+ 1) (s = 7) + (=8)) W1 + ((r +1)(=s) = (s = )*) W) G
Y+ (n+2)(n+1)2" (=W + (r+ D)Wo)Gria — (Wa —2(r + D)Wy 4+ (1 + 1)>Wo)Gryr + ((r + 1) Wa —
(r+ 1)W1 —((r4+1)(s =)+ (=8))Wo)Gr) + (n+ 1)nz" " (=WoGrnia + (Wi + (r + DWo)Gry1 +
(—Wz + (T + ].)Wl + (S — ’I‘)Wo)Gn) + 2(W2 — (7“ + 1)W1 — (8 — T‘)Wo)

and for z = b we get

—~ i _ Q4
2 W = G N T e ) (AT

where

Q= (n+3)2"T2((-Wa + (r + YW1 + (s — 1)W0)Grgz + ((r + DW2 — (r + 1)2W71 — ((r + 1)(s —
)+ (=8))Wo)Gr1 + ((s = 1)Wa = ((r + 1) (s = 7) + (=)W1 + ((r + 1)(=s) — (s — 1)*)Wo)Gy,
Y4 (n+2)2" T ((=W1 + (1 + 1)Wo)Grnya — (Wa — 2(r + D)Wy + (1 4+ 1)*Wo)Grgr + ((r + D)W —
(r+1)*Wi = ((r +1)(s = 7) + (=8))Wo)Gn) + (n +1)2" (= WoGniz + (=Wi + (r + )Wo)Gry1 +
(=Wao+ (r+1D)Wi+ (s —1)W0)Gn) + 2z(Wa — (r+ 1)W1 — (s — m)Wo) + (W1 — (r + 1) W)

(iv) If23(=1)(=s) + 2%(—(s — 7)) + 2(=(r + 1)) + 1 = u(z — a)® = 0 for some u,a € C withu # 0, i.e.,
z = a, then

ks Qs
Dy
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where
Qs =n+3)(n+2)(n+1)z"((-Wa+ (r+ 1)W1+ (s —r)Wo)Grni2+ ((r+1)Wo — (r+1) —((r+
(s =7)+ (=) Wo)Gry1+ ((s =) Wa = ((r+1)(s =) + (=)W1 + ((r + 1)(—s) — (s — 7)? ) 0)Gn

Y4+ (n4+2)(n4+ Dnz"" L ((=W1 + (r + DW)Grgz2 — Wa = 2(r + W1 + (1 4+ 1)2Wo)Grnar + ((r +
DWa — (r+ 1)2W1 —((r+1)(s=7r)+ (—=5))Wo)Gr) + (n+ 1)n(n — 1)2”72(7W0Gn+2 + (=Wi +
(’I“ =+ 1)W0)Gn+1 + (—Wz + (7‘ + l)Wl + (S — T)Wo)Gn)

(6) (m =2,j =0).
(i) F2(=1)(=8)2+22((s =) = 2(r + 1)(=5)) + 2(=((r + 1)® +2(s — 1)) + 1 # 0 then

k _ Ql
kZ:OZ War = 2(=1)(=5)2+ 22((s = r)2 = 2(r + 1)(=8)) + 2(=((r + )2 +2(s = 7))) + 1

where
Q= 2" (=s)((-Wa + (r + VW1 + (s — 1)Wo)Gansz + ((r + W2 — (r + 1)°W1 — ((—s) +
(r+1)(s —r)Wo)Gant1 + ((s = 1)Wa — ((=s) + (r + 1) (s = 1)W1 + ((r + 1)(—s) — (s — )*)Wo)
Gan) +2" P2 ((=(r+ 1) Wat ((r+1)* + (s =) Wi — (=) Wo) Gznra+ (((r+1)* + (s —r)) Wa — ((r+1)* +
2(r+1)(s—7) +(=8))W1)Gans1 + (=) (= W2 +2(s — T)Wo+(T+1)2WO)G2TL)+Z"H(—W102n+2+
((r+ 1)W1 = Wa)Gant1 — (—=s)WoGan) + 2 (—(s =)W+ (r + 1)(s — r) + (=) ) Wi + ((s — 1) —
(r+1)(—=s))Wo) + 2(Wa — ((r + 1)2 +2(s —r))Wo) + Wo.

(i) Ifzg(fl)(fs)2 +22((sfr)2 =2(r+1)(=s))+2(—((r+ 1)2 +2(s—m))+1=u(z—a)(z—b)(z—c) =0
for some u,a,b,c € Cwithu #A0anda #b#c,i.e.,z=ao0rz="borz=cthen

k _ QQ
kZ:OZ Wok = 3 ) (o) 4 22((s —1)? —2(r + D(—8)) + (—(r + D2+ 2(s — 1))

where

Q2 = (n+3)2" "2 (=s)((=Wa + (r + 1)W1 + (s = 1)Wo)Gantz + ((r + 1)W2 — (r + 1)W1 — ((=s) +
(r+1)(s = r))Wo)Gant1 + ((s = 1)Wa — ((=s) + (r + 1)(s — 7)) W1 + ((r + 1)(—s) — (8 —1)*)Wo)
Gan) +(n+2)z" " (= (r+ DWa + ((r+1)* + (s =)W1 — (= )WO)G2n+2+(((T+1) +(s—r))W2—
((r+1)° +2(r + 1)(s = 1) + (=5))W1)G2nt1 + (—5)(— W2 +2(s — ) Wo + (r + 1)°Wo)G2a) + (n +
1)2”(—W1G2n+2 + ((T‘ + 1)W1 - WQ)G2n+1 — ( S)W()Gzn) + 221( (5 — T)WQ + ((7‘ + 1)(8 T) +
(=)W1 ((s =7)* = (r + 1)(=5))Wo) + (W2 — ((r +1)* + 2(s — 7)) Wo).

(i) H23(—1)(=s)> +22((s =) = 2(r + D)(=s)) + 2(—((r +1)* +2(s = 7))) + 1 = u(z — a)*(z — b) =0
for some u,a,b € C withu #0anda #b, i.e., z = a orz = b then for z = a we get

k _ Q3
;)Z o = 62(=1)(=s)? +2((s — r)* = 2(r + 1)(—s))

where

Q3 = (n+3)(n+2)2" (=) (—Wa + (r + YW1 + (s — r)Wo)Gantz + ((r + D)Wa — (r + 1)*W; —
((=8)+(r+1)(s=r)Wo)Gant1 4 ((s—r)Wa— (=) + (r+1) (s =) ) Wi+ ((r+1)(—=s) — (s —7)*) Wo)
Gan) + (n+2)(n+1)2" ((=(r + 1)Wa + ((r +1)* + (s = 1)) W1 — (=8)Wo0)Gznr2 + (((r +1)* + (s —
)W = ((r+1)° +2(r+1)(s =) + (=8))W1)Gant1 + (—8) (= Wz +2(s — 1) Wo + (r +1)*Wo) Gan) +
(n + 1)nz"71(—W1G2,L+2 =+ ((7’ + 1)W1 — Wz)G2n+1 — (_5)W0G27L) + 2(—(5 — T)Wz + ((’I“ + 1)(8 —
)+ (=)W + ((s = 7)% = (r +1)(—5))Wo)

and for z = b we get

k _ Q4
kzzoz Wk = 5o + 22((s = 17 =20 + D(—5)) + (—((r + 1 + 25 — 1)
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() (m=
(i) 1F23(=1)(=s)> + 22 (—2(r + 1)(=8) + (s = 7)) + 2(=D)((r + > +2(s — 1)) + 1 # 0 then

where

Qi = (n+3)2" 2 (=s)((=Wa + (r + YW1 + (s = 1)Wo)Gant2 + ((r + 1)Wa — (r + 1)W1 — ((—
(r+1)(s = 1)Wo)Gznt1 + ((s = 1)Wa — ((=8) + (r + 1) (s = r))W1 + ((r + 1)(=5) — (s — r)*) W\
Gan) +(n+2)z" " (= (r+ )Wa + ((r+1)* + (s =)W1 — (= )WO)G2n+2+(((T+1) +(s—r))W2—
((r+1)34+2(r +1)(s — 1)+ (=8))W1)Gant1 + (—5)(— W2 +2(s — r)Wo + (r 4 1)*W5)Gan) + (n +
1)Zn(—W1G2n+2 + ((7‘ + 1)W1 — WQ)G2n+1 — ( S)WOGQn) + 22( (S — T)Wg ((T + 1)(8 — T) +
(=)W1 + ((s =7)* = (r +1)(=5))Wo) + (W2 — ((r +1)* +2(s — 7)) Wo).

s) +
0)

(iv) I23(=1) (=8> +22((s —7)* = 2(r + 1)(=8)) + 2(—((r + 1)* +2(s — 7)) + 1 = u(z — a)® = 0 for some

u,a € Cwithu #0, i.e., z = a, then

~ kg s
2 W = Gy

where

Qs = (n+3)(n+2)(n+1)2" (=) ((—Wa+ (r+ YW1+ (s = 1) Wo)Gant2 + ((r+1)Wa — (r+1)* W1 —
(=) 4+ (r+1)(s=1))Wo)Gant1+ (s —r)Wa—((—s) + (r+1) (s —r)) Wi+ ((r+1)(—s) — (s —r)*) Wo)
Gan)+(n+2)(n+1)nz" " (= (r+ 1)Wa+ ((r+1)* + (s = 1)) W1 — (=) Wo) Ganta+ (((r+1)* + (s —
mWa = ((r+1)>+2(r+1)(s =)+ (—=5))W1)Gant1 + (—s)(— Wz+2(s r)Wo =+ (r+1)2Wo)Gzn) +
(TL —+ l)n(n — 1)2’”_2(—W1G2n+2 + ((7" =+ 1)W1 — WQ)G2n+1 — ( )WOGQn)

2,5 =1).

k . 0
g Wk = A o + 2 (20 T (=) + (- ) T A + D2 25— 7)) + 1

where

Q1 = 2" (=5)2(—WoGansa + ((r + DYWo — W1)Gans1 + (=Wa + (r + Wi + (s — r)Wo)Gan)
+ 2" (((s = )W — ((r + 1) (s = ) + (=)W1 — (r + 1)(=s)Wo)Gans2 + (=((r + 1)(s — 7) +
(=) Wa+ (s = 7)((r+1)* + (s =)W1+ (=) ((s = ) + (r + 1)*)Wo) Gant1 + (=5)(—(r + HYWa +
((r+1)% 4 (s =)W1 = (=8)Wo)G2n) + 2" T (=WaGant2 — ((s =)W1 + (=8)Wo)G2ns+1 — (=)W1
Gan)+ 22 (=) (Wa — (r+1)Wyi — (s = r)Wo) + 2((r+ 1)Wa — ((r + 1)% + (s — 7)) W1 + (—s) W) + Wi.

(i) HF22(=1)(=s)?+22(=2(r+1)(=8)+(s—r))+2(=D)((r+1)>+2(s—7))+1 = u(z—a)(z—b)(z—c) =0

for some u,a,b,c € Cwithu #0anda#b+#c,ie,z=ao0rz=>borz=cthen

- B Qs
E:: Wkt = S ) (ol 2220 + D(=9) + (5= 1) + (1) + 12 + 25 — 7))

where

Qo = (n+3)z"+2(—s)2(—WoG2n+2 + ((’l“-l— 1)Wo — W1)G2n+1 + (—W2 =+ (T+ 1)W1 + (S —’I“)W())Gzn)
+(n+2)2"H (s =r)Wa — ((r+ 1) (s = 1) + (=)W1 — (r + 1)(=8)Wo)Gant2 + (=((r + 1) (s —7) +
(=))Wt (s =r)((r+1)*+ (s =) Wi+ (=s)((s =)+ (r+1)*)Wo) Gznt1+ (=) (= (r + YWa + ((r+
1)2 4 (5 — 1))Wi — (=) Wo)Gan) + (n+ 1)2" (—WaGanta — (5 — )Wy + (—)Wo) Gantr — (—5)Wi
Gan) +22(=s)(Wa — (r+ D)W1 — (s = m)Wo) + ((r + DWa — ((r + 1)2 + (s — r))Wy + (—5)Wo).

(i) /F23(=1)(=8)> +22(=2(r+1)(=8) + (s =)} +2(=1)((r+ 1)*+2(s = 7)) +1 = u(z —a)?*(z —b) = 0

for some u,a,b € C withu # 0 anda # b, i.e., z = a or z = b then for z = a we get

k _ s
;z Wakt1 = 62(—1)(—8)2 4+ 2(=2(r + 1)(—s) + (s — 7)2)

where
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(iv) /)’23(—1)(—5)2 + z2(—2(r +1)(—s)+ (s — r)2

8.3 The

Qs = (n+ 3)(n + 2)2" " (=) (~WoGant2 + ((r + YWo — W1)Gans1 + (=Wa + (r + 1)W1 +
(s = r)Wo)Gan) + (TL +2)(n + 1)z ( (s =m)W2 = ((r + 1)(s = ) + (=)W1 — (r + 1)(=s)Wo)
Gant2 + (= ((r+1)(s =7) + (=))W + (s = ) ((r + 1) + (s = 7)) W1 + (=5)((s = ) + (r + 1)*) Wo)
Gans1 + (=s)(—=(r+ W2 + ((r + 1) + (s =)W1 — (=5)W0)G2n) + (n+ 1)nz" "1 (~WaGani2 —
((s =)W1+ (=8)W0)Gant1 — (=8)W1G2n) + 2(=s) (W2 — (r + 1)W1 — (s — r)Wo)

and for z = b we get

—~ i _ Q4
D2 Way = 322(=1)(=5)2 + 22(=2(r + 1)(=s) + (s — 1)2) + (=1)((r + 1)2 + 2(s — 1))

where
Q4= (n+3)2"?(=5)?(—WoGant2 + ((r+ 1)Wo — W1)Gans1 + (—Wa + (r + 1)W1 + (s — ) Wo) G2n)
+(n+2)2" (s =1)Wa — ((r+1)(s = ) + (=8)) W1 — (r + 1) (=5)Wo)Gant2 + (—((r + 1) (s — ) +
(=))W (s =) ((r+1)* + (s =) Wi+ (=5)((s =7) + (r+1)*)Wo) Gznr1+ (=) (= (r+ W2+ ((r+
12+ (s =)W1 — (=8)W0)G2n) + (n+ 1)2" (= WaGaniz — ((s = 1)W1 + (=8)Wo)Gznt1 — (—s)Wh
Ga2n) 4 22(=8)(Wa — (r + 1)W1 — (s — 1)Wo) + ((r + )Wa — ((r 4+ 1)® + (s — ) W1 + (—5)Wo).
Y4 2(=D((r+1)?+2(s—7) +1=u(z —a)® =0 for
some u,a € C withu #0, i.e., z = a, then

n

k Q5
2 Wakss = gy

where

Qs =m+3)n+2)(n+1)2" (=) (—WoGans2 + ((r+1

(s = m)Wo)Gan) + (n +2)(n + 1)nz"""(((s = 1)Wa — ((r +1)(s — ) + (=5))W1 — (r + 1)(—s)Wo)
Gantz + (—((r+1)(s =) + (=)W + (s =) ((r +1)° + (s = 1)) W1 + (=) ((s = 7) + (r + 1)*)Wo)
Gant1+(=8)(—(r+1)Wa+((r+1)*+ (s 1)W1 — (=) Wo)Gan) + (n+1)n(n—1)2" " (= W2Gant2—
((s =)W1 + (=8)Wo)Gans1 — (—8)W1Gan).

YWo — Wi)Gang1 + (=W + (r + 1)W1 +
+1

Summing Formula )~} z*W,,.,,; of Generalized Horadam-Leonardo

Polynomials (in Terms of Generalized Horadam-Leonardo Polynomials and
(r, s)-Horadam-Leonardo-Lucas Polynomials)

The sum formula >>7_, 2" Wini4; of generalized Horadam-Leonardo polynomials (in terms of elements of the

sequence of

generalized Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo-Lucas polynomials) can

be given as follows.

Theorem 8.5. For allm, j € Z, one get the following summing formulas.

(@) Ifz3T1 + 2°Ty + 23 + T4 # 0 then

i KW o 2"P30; + 2" 20, + 2" O3 + 2204 + 205 + O
ks 2301 + 22T + 2T + Ty
_ Sw(?)
where
Ow(z) = 2"T301 4+ 2" 02 + 2" 103 + 2704 + 205 + O,

2301 = 2" (Wi H o+ (= Wsa - (s—r)Wi) Hyy 1 —(=8) Wi Hopy (Wi +(r-+ )W) Hin 2 Hin 1+
(WJ+2 = (r+ D)W1) Hmp2 Him + (= (s = 1)Wjg1 + (=$)W;) Hmp1 Hin ) Hinomn 2 + (= Wjip1 + (r + 1)Wj)

H7n+2

(=) +(r+1)(s=r))WjH 1+ (=) (=Wjr2+(r+1)Wjs1) Hp,+(Wio — (r+1)2W;) Hin o Hyp 1+
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(=(r+ D)W+ ((r+1)*+(s=r)) W1+ (=8)W;) Hmyo Hi+ (= (s =) Wjpa+((r+1) (s—7) +(—s)) Wj 11—
(r+ 1) (=s)W;)Hyt1 Hin ) Hinomn 1 + (= Wiz + (r + D)Wjgn + (s — )W) Hpr, o + ((s — 1) Wiiga — ((r +
D) (s—r)+ (=)W1 —(s—r)°W;) Hi 1 = Wi(—8)  Ho, + ((r+ 1)Wio — (r+1)* Wi+ ((—s) — (r+1) (s —
T))Wj)f)fm+2Hm+1+(—S)(Wj+1—(T+1)Wj)Hm+2Hm+(—8)(Wj+2—(7"+1)Wj+1—Q(S—T)Wj)HmHHm)
Hm+mn ]
"0, = Z”+2(((—3WJ+2 + 2(7‘ + DWipr + ((r +1)* +4(s — )W) Hpgz + 2(r + D)Wjpa + ((s —
)= (r+ 1)) Wi — ((r+ 1% +4(r + 1)(s = 7) + 3(=s))W;) Hpmp1 + (—((r + 1)® +2(s — 7)) W42 +
(r+1)°+3(r+1)(s =) +6(—s)) W41 — (r+1)(—s)W. ) m) Homnta + (200 + 1)Wigo — ((r +1)% —
(s =r)Wis1 — ((r+1)> +3(—=s) + 4(r + 1)(s = 1) )W;) Hpy2 4+ (=((r + 1) = (s — r))Wt2 — 3((—s) +
(r+ 1) (s = m))Wjsr + (r + D)((r +1)° +4(r + 1)(s — r) + 5(=8)Wj) Hmsr + (((r +1)° +3(r + 1)(s —
P+ 6(=s) Wi — ((r+ 1)* +4(r + 1)*(s =) + 2(s = r)* + T(r + 1)(—=5)) W41 — 2(s — ) (—s)W;) Hyn)
Homnt1 4+ (F+1)% +4(s = 1)) Wjso — (r +1)> +4(r + 1) (s = 7) + 3(=s)) W1 — (r + 1)*(s — 1) —
2(r+1)(=s) +4(s —7)*)W;) Hingz £ (= ((r+1° +40r+1)(s =) +3(=5) Wtz + ((r+ 1) +4(r +1)*(s -
)+ 5(r+1)(=s)Wip1 4+ ((r +1)°(s =) = (r + 1)*(—=s) + 4(r + 1)(s = 7)> + 4(s — 7)(—=8))W;) Hpn 1 +
(=) (—=(r + D)Wjsa = 2(s = 1)W1 + ((r + 1)> +4(r + 1)(s = 1) + 6(—5))W;) Hin) Hinmn),
203 = 2" (RB(s =)+ (r+ D)Wt — Rr+1)* +7(r+1)(s =) +9(=5))Wjs1 — ((r+1)*(s —
3(r+1)(=s) +4(s =) )W) Hinimnro + (—(2(r +1)> +9(=s) + 7(r + 1)(s — 1)) Wia +2((r + D +4(r +
1)*(s=7)4+6(r+1)(=s)+(s—r)* ) W1+ ((r+1)°(s—r) = (r4+1)*(=s) +4(r+1) (s —7)* +6(s —1)(—s)) W;
Honpmnt1+(—((r+1)*(s=r) =3(r+1)(—=s) +4(s =) ) W2+ ((r+1)* (s —=7) = (r+1)?(—s) +4(r+1)(s —
22+6(8)*7‘)(*5))Wj+1+(*2(7’+1)3(*8)+(T+1)2(8*T)2+4(8*T)3*9(*8)2*10(T+1)(8 r)(=s))Wj;)
m+mn ),
2204 = 22((B3Wj42 — 2(r + YW1 — (s — )W) Hppn + (((r + 1)2 (s =r))Wig2 +3((r + 1)(s — 1) +
(=)W1 4+ ((s = r)* + (r + 1) (=) W) Hpp1 + (—s)((r + 1 2 +2(s — ")Wig1 + 3(—s)W;)HZ +
(—4r+ 1) Wi +2((r+1)° = (s =)W1 + (r+ 1) (s —7) = 3(— 5) Wa) Hpypyo Hi1 +(=2(s — 1) Wip2 +
((r+1)(s=7) = 3(=8) W1+ 2(r + 1) (=8)W;) Himyo Hp + (((r + 1) (s — r) — 3(—s)) W2 +2((s — )% +
(r+1)(=8))Wjs1 +4(s = 7)(=8)W;) Hps1 Hpn),

r)—

~

205 = 2((=2((r + 1) +3(s — 7)) Wtz + (2(r + 1)* + 7(r + 1)(s — ) + 9(=8))Wjs1 + ((r +1)*(s — ) —
3(r+1)(=s) +4(s =) )W) Hinrz + (200 +1)° + 7(r + 1) (s = 7) +9(=5)) Wiz —2((r + 1)* +-4(r +1)*(s —
1) +6(r+1)(=s)+ (s =) )Wit1 — (r+1)%(s =) +4(r + 1)(s = 7)* = (r + 1)*(=s) + 6(s — r)(—5)) W)
Hpr1 +((r+ 1% (s—7r) +4(s =) =3(r + D) (=s))Wig2 — A4(r + D(s — )2 + (r+1)3(s — 1) — (r +
1)?(=s) +6(s = ) (=8))Wit1 = 2(=s)((r + 1)> + 4(r + 1)(s = 7) + 9(—=s))W;) Hpn),
O = (4(r+1)3(=s) — (r+1)%*(s = 7)? —4(s — )3 +27(—=5)% + 18(r + 1) (s — r)(—s)) W,
and
Iw(z) =T'1(z) + 2(2) + s(2) + Ta(2),
22T = 22(— (=)™ (4(r + 1)3(=s) — (r + D2(s — ) + 18(r + 1)(s — r)(—8) — 4(s — r)> 4+ 27(—5)?)),
2°Ty = 22(((7“ +1)2 4+ 3(s — T))H72n+2 + ((r+ 1)4 +4r+ 1) (s =)+ (s —=7)2 +6(r + 1)(—3))H3n+1 +
(=s)((r + 1> +4(r + 1)(s =) + 9(=8))Hy, — 2(r + 1)> + 7(r + 1)(s — ) + 9(—=5)) Hps2Hmi1 — ((r +
1) (S_T)+4(S_T) 3(T+1)( ))Hm+2H"L+(T+1)(8—T)((T+1)2+4(5—7'))H7,L+1H.m _(_S)((T+
1)? = 6(s — 7)) Hmr1Hm),
23 = 2(—4(r + 1)3(—=s) + (r + )3(s = 7)? + 4(s — 7)> — 27(=5)2 — 18(r + 1) (5 — )(—5)) Hm,
Ti=4(r+1)3(=s) = (r+1)%(s =) + 18(r + 1)(s — 7)(—5) — 4(s — 7)® + 27(—5)%.

(b) If2°T) + 2°T2 4 2T'3 + Ty = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C withu # 0 anda # b # ¢, i.e.,
z=aorz=borz=cthen

i WL (n+3)2""20, + (n+2)2"" 02 4+ (n + 1)2"O3 + 2204 + O
mhti = 32211 + 220 + 13 '

(€) If2°T1 + 22Ty 4 213 + T = u(z — a)*(2 — b) = 0 for some u,a,b € C withu # 0 anda #b, i.e.,z=aorz=>a
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then for z = a we get

isz _ (n+3)(n+ 2)2"M 01 4+ (n+2)(n+1)2"02 + (n 4 1)nz""'03 + 204
s 621 + 2T ’

and for z = b we get

i o _(n+ 3)2"201 4+ (n +2)2" MO + (n +1)2"03 + 2204 + O
mhts 3221 + 2205 4+ I3 '

(d) Ifz3T) + 2Ty 4+ 23+ Ty = u(z — a)3 =0 for some u,a € C withu # 0, i.e., z = a, then

i KWy = (n+3)(n+2)(n+1)2"01 + (n+2)(n + D)nz""'02 + (n + 1)n(n — 1)2"" 203
e 6I'y '

Proof. Replace r, s and t with » + 1, s — r, —s, respectively, in [25, Theorem 65]. O

9 GENERALIZED HORADAM-LEONARDO POLYNOMIALS: GENERATING
FUNCTION

Now, we give generating function of the sequence W,,..; and some special cases of its.
9.1 Generating Function of Generalized Horadam-Leonardo Polynomials via

Generalized Horadam-Leonardo Polynomials

Next, we give the ordinary generating function Z Wmn+;2" of the sequence W,,,»; (in terms of elements of the

sequence of generalized Horadam-Leonardo polynom|als)

Lemma9.1. Suppose that |z| < min{|a|™™,|8]”™,1}. Suppose that fw,,,, . ;(z) = E Wint;2" is the generating
=0

function of the generalized Horadam-Leonardo polynomials {W.»+;}. Then, Z Winntj2" IS given by

n=0

iW n_ 2°©4+205+6s
IS T BT 4 22Ty + 215 + Iy

where (as in Theorem 8.1 (a))

2204 = 22(WoWjpa + (Wi — (r + YWo)W; 41 + (W2 (r+D)Wi — (s — r)Wo)W;)We o + (Wa — (s —
PYWo)Wiia+((=s)Wo+(r+1)(s =) Wo) W1+ ((s =) Wo+ ((r+1) (s —r) +(— ))Wl_(S_T)W2)WJ)W31+1+
(= )(W1W]+2+(WQ—(T+1)W1)W]+1+( S)WoW; )W+ (— (Wi (r+ 1) Wo) W2+ ((r+1)*Wo — Wa) W1 +
(- (7’+1)Wz+(?“+1) Wi+ ((r+1)(s—=7) = (=5)Wo)W; ) W1 Wiy + (((r + 1)W1 = W)W + ((r + 1) W2 —
((s=7)+ (r+1)*)Wi — (=s)Wo)Wii1 + (=) ((r + 1)Wo — W)W ) Won o Win + (((s — 1)W1 — (=) Wo)Wjit2 +
%/S - :%/Wj —((r+ (s —7) + (=)W1 + (r + 1)(=8)Wo)Wjs1 + (=8)(=W2 + (r + 1)W1 + 2(s — 7)Wo) W)

m—+1 m)s
205 = 2((WE — WoWo)Wjia + ((—8)WG — WiWa + (r + D)WoWa + (s — r)WoW1) W1 + (—2W35 — (r +
WP — (=) (r+ L)W +3(r+ )WiWa +2(s —r)WoWa + (2(—s) — (s =) (r+ 1)) Wo W1) W) Win g2 + (((—s) W5 —
WiWs + (r +4 1)WOW2 +4 (S — T‘)WOW1)Wj+2 + (W22 — ((r + 1)2 +4 (S — T‘))WQWQ — ((7“ +4 1)(5 — r) = (—S))W()Wl)
Wit + ((r+ DW3 = 2((=8) + (r + 1)(s = 7))WT = 2(s = 7)(=s)W§ + (2(s — ) — (r + 1) )W1iWa + (2(—s) —
(7‘ =+ 1)(8 — T))W()WQ — (2(8 — 7“)2 =+ (’I“ + 1)(*5))WOW1)W]‘)Wm+1 =+ ((W22 — (8 — T)W12 — (T’ =+ 1)W1W2 —
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(=) WoW1) Wiz + (=(r + W3 + ((r+1)(s — ) + (=8)) WP + (r + 1)W1 Wa — (=) WoWa + (7 + 1) (—s) Wo W1)
Wit1 + (=) (=(r + DWT = 2(=s)W§ +2W1Wa — (r + )WoWa — 2(s — r)WoW1)W;)Wo, — (r + 1) (=) W5 W1
Wm+1)7

O = (W3 + ((=8) + (r+ 1)(s = r))W? + (=5)2W§ — 2(r + YWiW3E — (s — r)WoW3 + ((r +1)® — (s —
INWEWa + ((s = 7)° 4 (r + 1)(=8))WoW? +2(s — r) (=)W Wi + (r + 1) (—=s)WEWa + ((r + 1) (s — r) — 3(—s))
WoW1 W2)W;,

and

2°T1 = 22 (=(=8)" (W5 + (=) + (r+ 1) (s = r)) W7 + (=) W5 + ((r+1)* = (s —r))WiWa —2(r + 1)W1 W5 —
(s — T)W0W22 + (r+ 1)(—s)W02W2 + ((s — r)2 + (r+ 1)(—5))W0W12 +2(s—r)(—s WEWy + (r+1)(s—r)—
3(—5))WOW1W2)),

22Ty = zg((BWQ—2(r+1)W1—(s—r)Wo)WzH_Q—i—(((r—l—lf—(s—r))Wg+(3(r+1)(s—r)+3(—s))W1+((s—
)2+ (r+ 1) (=8))Wo) Wi i1 + (=) ((r + Wz + 2(s — 1)W1 + 3(—=8)Wo) W, + (—4(r + W2 +2((r +1)* — (s —
)W+ ((r+1)(s —7) = 3(=8))Wo) Wint2Wit1 + (=2(s = m)Wa + ((r + 1)(s — ) = 3(—s)) W1 +2(r + 1)(—s)Wo)
Wint2Wa + (((r + 1) (s = 7) = 3(=8))Wa + 2((s = 7)* + (r + 1)(=5)) W1 + 4(s — ) (=) Wo) Wrnt1 Win),

zI's = z((73W22+((577")f(r+1)2)W127(fs)(r+1)W02+4(r+1)W1W2+2(sfr)W0W2+(3(fs)f(sfr)(rJr
1))W0W1)Wm+2+(2(7‘+1)W22—(3(r+1)(s—r)—|—3(—s))W12—2(s—r)(—S)WO2+(2(5—T)—2(r+1)2)W1W2+(3(—5)—
(r+1)(s—r)WoWa —2((s =)+ (r + 1)(=))WoW1)Wini1 + ((s = 7)W5 — ((s = r)* + (r + 1) (—s)) Wi — 3(—s)*
WG+ (3(=s) — (r + 1)(s — 7)) WiWa — 2(r + 1) (—s)WoWa — 4(s — 1) (=) WoW1) W),

Ly = Wi+ ((=s)+(r+1)(s=r)) W7 + (=) W5 —2(r+ YWiW3 + ((r+1)* — (s = 1)) Wi W2 — (s =) Wo W35 +
(s =124 (r+1)(=8))WoWi + (r + 1) (—8)WigWa + 2(s — ) (—s)WEW1 + ((r + 1)(s — 1) — 3(—s))Wo W1 Wa.

Proof. Replace r, s and t with » + 1, s — r, —s, respectively, in [25, Lemma 66]. O

Now, we consider special cases of the last Lemma.

Corollary 9.2. The ordinary generating functions of the sequences W,,, Way,, Wont1, W_p, W_op,, W_o,41 are
given as follows:

(a) (m =1,j=0, |Z| < Inin{|0‘|71 ) |ﬁ|71 ) 1})

> n 2Z2(Wa — (r4+ D)W — (s — 1)Wo) + 2(Wy — (r + 1)Wo) + Wo
nZ:OWnZ B 235+ 22(=1)(s—r)+2(-1)(r +1)+1 '

(b) (m=2,j =0,z <min{la|™*,[57*,1}).

i Won 2™ — 22(—(s —r)\Wo —r(r— s+ D)Wi + (r? —rs+ s> + 8)Wo) + 2(Wa — (r? 4 25 + 1)Wy) + W
= me = 23(—s?2) + 22(r2 +s24+2s) + 2(-1)(r2 +2s+ 1)+ 1 '

(© (m=2,j =1,z <min{la| |87, 1}).

i W R 22(=8)(Wo — (r + DWh — (s = m)Wo) + 2((r + DWa — (12 47 + s + 1)W1 + (—s)Wp) + W1
s s 23(=82) +22(r2 + 82+ 2s) + 2(—1)(r2 +2s + 1) + 1 ’

(d) (m =-1,j=0, |Z| < mln{|a|7|ﬂ‘71})

> Zn _ 22W1 —+ Z(WQ — (T =+ 1)W1) =+ (—S)Wo
;W_" T +20+ D) +2(s—1)+ (=s)

(e) (m=-2,5=0,|2| <min{|al?,

BI*, 1)

Z W ™ — 2P2Wo 4 2(—(s — r)Wa —r(r — s + 1)W1 + (r + 1)(—s)Wo) + s*Wo
e 23(=1) +22(r2 + 25+ 1) + 2(=1)(r2 + 52 + 25) + 52 ’

n=0
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® (m

= 2,5 =1,|z| <min{|a|?,|8]*,1}).

i W s 12" 2Z2((r 4+ 1)Wa + (s — 1)W1 — sWo) + 2(—sWa — (r2 + 5% + 5 — rs)W1 — s(r — 8)Wo) + 82W1
n+

- 23(=1) 4+ 22(r2 + 25+ 1) + 2(—1)(r2 + 2 + 2s) + 52

Proof. Replace r, s and ¢ with » + 1, s — r, —s, respectively, in [25, Corollary 67.]. O

As particular examples (generating functions of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas
polynomials), from the last Lemma, we obtain the following results

Corollary 9.3. Suppose that |z| < min{|a|”™,|8|”™,1}. One give the generating functions of (r, s)-Horadam-
Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials, respectively, as follows:

(a)

(b)

iG n_ 2©4+205+6s
IS T BT + 22T + 215 + Iy

where (as Theorem 8.1 (a))

2204 = 22(G212Gis1 + (r + 1)Go 1Giz + (—8)Gi1Gj + (—8)G2Gir2 — Gmi1Gmy2Gipe + (s —
1) GmGm1Git2—(r+1)Gmi1Gmt2Git1— (5 —7)GmGm42Gi41—(—8)GmGmi1Gj41—(—8) Gm Gm12Gj),
205 = 2(Gm42Gjs2 — (1 + 1)Gmi1Girz — (1 + D)Gms2Gjpr — (5 = 7)GnGjg + (1 +1)2Grsr G —
2(=8)GiGmi1 + ((=s) + (r + 1)(s = 7))GmGjr1 + (r + 1)(=5)GmG;),

6 = (—s)Gy,

and

2°T1 = 2% (= (=)™,

2Ty = 22 ((r+ 1) G o+ ((r+1)° +2(r+1) (s =) +3(=5)) Grop1 + (=) (r+1)* +2(s —7)) G7, —2((r+1)* +
(s =7)Gmt2Gm+1 = (3(=8)+ (r+1)(s =7))Gms2Gm+((r+1)* (s =7) +2(s =7)* = (r+1)(=5)) Gm41Gm),
2ls = 2((s = ) Gmrz — ((r +1)(s =) +3(=5))Gms1 — ((s = 7)* = 2(r + 1)(—5))Gm),

F4 = (—5).

iH n_ 2044205+ 6
mnti® = 2301 + 22T + 23 4+ Ty

where (as Theorem 8.1 (a))

204 = 22((8H, 42 — 20 + VHys1 — (s — r)H)) Hass + (((r + 1) = (s — 1)) Hysz + 3((r + 1)(s — 1) +

(=) Hjs1 + ((s = r)° + (r + 1)(=s))Hj)Hypq + (—=5)((r + D) Hjt2 + 2(s — r)Hj41 + 3(—s)H;)Hp, +

(—4(r+ D) Hjp2 +2((r+1)* = (s = r))Hjr1 + ((r+ 1) (s =) = 3(=5)) H; ) Hmt2 Hi1 + (—2(s — ) Hjy2 +

((r+1)(s—7) = 3(=8))Hjt1 +2(r + 1) (=) H;) Hmso Hpm + (r +1)(s = 7) = 3(—s)) Hj2 +2((s —7)* +

(r+1)(=8)Hj41 +4(s — r)(=s)H;j) Hpnt1Hrm),

205 = 2((—=2((r+ 1) +3(s = 7)) Hjt2 + 2(r + 1)° + 7(r + 1)(s =) +9(=8)) Hj41 + ((r +1)*(s —7) +-4(s —

)% =3(r + 1) (=) Hj) Himt2 + +((2(r + 1)> + 7(r + 1)(s — 1) + 9(=5)) Hj+2 — (2(r + 1)* + 8(r + 1)*(s —
r)+3(r+1)(=s) + 2(3 =) Hjp1 — (r+1)%(s =) +4(r + 1)(s = 1)° — (r + 1)*(=5) + 6(s — 7)(—s))

H; ) mi1+ ((r+1)*(s —7) =3(r+ 1) (=) +4(s = r)*)Hjr2 — (r +1)>(s = r) + 4(r + 1)(s —7)* — (r +

1)?(=s)+6(s —7) (=) Hjt1 —2(=s)(r+1)* +4(r+ 1) (s =) +9(—8)) H;) Hy — 9(r +1)(=8) Hj 11 Hm11),

O6 = (4(r + 1)°(=s) = (r + 1)*(s —7)> — 4(s — r)* + 27(—s)> + 18(r 4+ 1)(s — r)(—s)) H;,

and

2T =22 (—(=8)"(A(r + 1)%(=s) — (r + 1)*(s = r)® + 18(r + 1)(s — 7)(—s) — 4(s — 1)* + 27(—5)?)),
2T = 22(((r + 1) +3(s =) Hinpo + ((r + 1) +4(r +1)°(s = 1) + (s = 1) + 6(r + 1) (=) Hpnya +

(—s)( (T+1)3+4(T+1)(5 7)+9(=8)) Hy = (2(r+1)°+7(r+1)(s— 7")+9( §))Hmt2Hpny1—((r+1)*(s—r)—
3(r+1)(—s)+4(s ]“) VHmy2Hm, +((T+1)“(S r)+4(r+1)(s =) = (r+1)*(=s)+6(s—7)(—5)) Hm+1Hpn),

23 = z(— 4(7',-6- D3 (=8) 4+ (r+ 1D3(s —r)*> +4(s — 1) — 27(—5)> = 18(r + 1)(5 — r)(—5)) Hpm,

Iy =4(r + 1)3(75) —(r+ 1)2(3 — 7') —4(s — r) +27(—s ) +18(r+ 1)(s — r)(—s).

3

161



Soykan; Asian J. Adv. Res. Rep., vol. 17, no. 8, pp. 128-169, 2023; Article no.AJARR.100417

Proof. Replace r, s and ¢t with » + 1, s — r, —s, respectively, in [25, Corollary 68.]. [
Some special cases of the last two Corollaries can be given as follows.

Corollary 9.4. One gives the ordinary generating functions of the sequences G, G2n, Gont1, G—n, G_2n,
G72n+1 and Hn, Hgn, H2n+1, an, Hfgn, H72n+1 as follows:

(@) (m=1,7=0,]z| <min{|a|",|87",1}).

> G - :

— 1—(r+1)z—(s—1)z2+s2%’
oo _ e N2
ZHnZ" _ 3—2(r+1)z—(s—r)z .
— 1—(r+1)z—(s—r)z2+s23

(b) (m=2,7=0,|z] <min{|a|?,|8]7%,1}).

iGQ 2t = (r+1)z+(=s)

e n 1— (T2+2S+1)Z+(T’2+82+25)22 782237
iH no_ 3-2(r+2s+1)z+ (r* + s> +25)2°
n—=0 S (r24+2s+ 1)z 4 (12 + s2 4 25)22 — s223°

(© (m=2,j =1,z <min{la| |8, 1}).

o0

n 1—(s—1r)z
ZG2n+1Z = ( )
n=0

1—(r2+2s+1)z+ (r2 4 s2 + 2s)22 — s223’

- n (r+1D)+(rs—2s—7r—12)z—s(r—s)z2
E Hopy12" = .
= 1—(r24+2s+ 1)z 4 (r2 4 s2 4+ 25)22 — 223

(d) (m =-1,j=0, |Z| < mln{|a|7|ﬂ‘71})

;anzn = (—3)—|—(S—7’)z+(r+1)22_23a
o O 3(7$)+2(87T)z+(r+1)22
;H—n - (—5)+(S—T)Z+(T+1)Z2_Z3.

(e) (m=—2,7=0,|z| <min{|a|?,|8]*,1}).

iG P (=8)z+ (r+1)2°
n=0 - §2 — (r2+s2+2s)z+ (12 + 25+ 1)22 — 23’

iH 2 = 352 — 2(r? + 5% +28)z + (r® + 25 + 1)2?
— - 82— (r2+ 82+ 28)z+ (r2 4+ 25+ 1)22 — 23’

(f) (m=-2,j=1,|z] <minf{|a]*, 8], [7*}).

iG o 2 —(r* 4824+ 28)z+ (rP +r+s+1)2°
— —Ent 2= (r24+s24+28)z+ (r2 +2s + 1)2%2 — 23’

iH 2 = (r4+1)(=8)% — (r® +r> + 3rs +rs®> +28)z + (r® + 3rs + 1)2°
n=0 o - 52 — (r2 4+ 52+ 25)2 4 (r2 + 25+ 1)22 — 23 :

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [25, Corollary 69.]. O
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9.2 Generating Function of Generalized Horadam-Leonardo Polynomials(via
Generalized Horadam-Leonardo Polynomials and (r, s)-Horadam-Leonardo
Polynomials)

(In terms of elements of the sequence of generalized Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo
polynomials) The ordinary generating function >~ W.n1;2" of the sequence W, ; can be given as follows.

n=0

(2) = > Winyj 2" is the

n=0

Lemma 9.5. Suppose that |z| < min{|a|™™,|8]™™,|y|”™}. Assume that fw

mn+j

generating function of the generalized Horadam-Leonardo polynomials {Wpn+;}. Then, > Wny;2" is given by
n=0

— n 204 4 205 4+ O¢
2 :Wm"HZ =23 2
= 230 + 22T + 205 + Ty

where (as in Theorem 8.3 (a))

2204 = 22 (G aWit1 + (r+ )Wjso 4+ (—s)W;) G + (=) G Wia — (r + 1)Wjs1 + Wit 2) Gy 1 Gz —
((s =) Wit1 + (=8)W;)GmGmi2 + ((s = 7)Wjta — (=8)Wjt1)GmGm+1),

205 = 2(Wit2 — (r + YW;31)Gmpa + (—(r + YWiga + (r + 1)W1 — 2(—=8)W;)Gmy1 + (—(s = 1) Wjp2 +
(=) Wit1+ (r + 1) (s = r)Wjt1) + (r + 1)(=8)W;)Gnm),

96 = (*S)Wj

and

2°T1 = 2°(—(—s)™"),

2Ty = 22((r+ 1)Gopa + ((r+1)° +2(r + 1) (s =) +3(=5)) G + (1 +1)*(=8) +2(s =) (=) G —2((r +
1?4 (s=7))Gmi1Gmra— ((r+1)(s =7) +3(=5))GmGmia+ (r+1)*(s =) +2(s =) = (r +1)(—5)) GmGm11),

;Fs Z(Z(()S —7)Gmi2 — ((r+1)(s =) +3(=5))Gms1 + 2(r + 1)(—=s) — (s = 7)*)Gm),

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [25, Lemma 70]. O

As particular example (generating functions of (r, s)-Horadam-Leonardo-Lucas polynomials), Lemma 9.5 gives
the following result

Corollary 9.6. Suppose that |z| < min{|a|”™,|B8]"™,|y|”™}. one can gives the generating function of (r,s)-
Horadam-Leonardo-Lucas polynomials as follows:

iH o 2204 + 205 + O
= AT T BT + 22T + 215 + Iy

where (as in Theorem 8.3 (a))

2204 = 22 (G o Hjsr + ((r+ V) Hjsa + (=) Hy)Goy oy + (=8) G Hyga — ((r + 1) Hja + Hjt2) G 1 Gz —
(s =m)Hjs1 + (=8)H;)GmGm+2 + ((s = 1) Hjr2 — (—8) Hj41) GmGm+1),

205 = 2((Hj+2 — (r + 1) Hj1) Gz + (= (r + DHjyo + (r + 1)?Hj1 — 2(=8)Hj)Grn1 + (—(s — ) Hjy2 +
(=s)Hjt1 + (r + 1)(s = 7)Hjp1) + (r + 1) (=) H;)Gm),

6 = (—s)H;

and

2°T1 = 2% (= (=)™ 1),

2Ty = 22((r+1)Gh o +((r+1)° +2(r +1)(s =) +3(=5)) Gy + ((r +1)* (=s) +2(s =) (—s)) G7, — 2((r +
1?4 (s =7)Gm+1Gmrz = ((r+ 1) (s =) +3(=5))GrmGmsa + ((r+1)*(s = 1) +2(s —=1)* = (r + 1)(=5)) G Grm1),

I{FS =(Z(()S —7)Gmt2 = ((r+1)(s = 7) + 3(=5))Gmi1 + (2(r + 1)(=5) — (s = 7)*)Gm),

Proof. Replace r, s and t with » + 1, s — r, —s, respectively, in [25, Corollary 71.]. O
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9.3 Generating Function of Generalized Horadam-Leonardo Polynomials(via
Generalized Horadam-Leonardo Polynomials and (r, s)-Horadam-Leonardo-
Lucas Polynomials)

(In terms of elements of the sequence of generalized Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo-
Lucas polynomials) The ordinary generating function >~ W..4,2" of the sequence W,..+; can be given as

n=0
follows.

Lemma 9.7. Let |z| < min{|a|™™,|8]7™,|y|"™}. Assume that fw,,, ,;(2) = > Wmny;2" is the generating
n=0

function of the generalized Horadam-Leonardo polynomials {W.n+;}. Then, i Wnn+;2" IS given by
n=0

iw o 204 4+ 205 + O¢
I T 8T 4+ 2205 + 205 + Iy

where (as in Theorem 8.5 (a))
2204 = 22((BWjs2—2(r+ D)Wit1— (s—r)W;) Hp o+ (((r4+1)* = (s —=r))Wip2 +3((r+1) (s—r) +(—5) ) W11+
(s =)+ (r+1)(=8)Wi) Hpp1 + (=) ((r+ D)Wz +2(s = 1)W1 + 3(—s)W;) Hp, + (—4(r + D)W +2((r +
D? = (s=r)Wp1 + ((r+1)(s—7) = 3(=8))W;) HimroHimyr + (—2(s = 1) Wiga 4+ ((r+1)(s — ) — 3(—s)) W1 +
?}7‘ + 2(—)5)W1)Hm+2Hm +((r+1)(s = 7) = 3(=s)Wit2 +2((s — r)> + (r + 1)(=5))Wjs1 + 4(s — r)(—s)W;)
m+14Im ),

205 = z((~ (<r+1>2+3(s—r))Wj+z+(2<r+1)3+7<r+1)( =) £ 9(=s)Wisa + ((r+1)*(s —r) = 3(r +
(=8) +4(s =) )W) Hpnyo + ((2(T + 1) +7(r+1)(s — ) + 9(=8))Wis2 — 2((r + 1)* +4(r + 1)%(s — ) +
T+ )( 8)+ (s —r)IWit1 = ((r+ 1)*(s —r) +4(r + 1)(s —7)> = (r + 1)2( 8) +6(s —7)(=8)W;)Hm+1 +
(r+1)%(s—r) +4(s —1)° =3(r + 1)(=s)) W42 — (4(r + 1)(s = r)> + (r + 1)>(s = 7) — (r + 1)*(—s) + 6(s —
(— )) 41— 2(=s)((r +1)° +4(T+1)( = 1)+ 9(=8))W;)Hm),

@6d (Ar+1)%(=s) = (r+1)*(s —1)> —4(s — 1) +27(=5)* + 18(r + 1) (s — r)(—s))Wj,

an

22T = 22 (—(—s)™(4(r + 1)%(—s) — (r+1)2 (s — )%+ 18(r + )(s—r)(—s
2Ty = 2(((r+ 1%+ 3(s = 1) Hos + ((r + 1 a4 125 — 1) 4 (3 — 1 4 6(r 4 D) H2 s +
(=) (1) +4(r+1)(s =) +0(=5) Hyp = (2r+1)° +7(r+1)(s =) +9(=8)) g2 Hrpr = (7412 (s =) +
A(s 1)’ —3(r+1)(~s)) m+2Hm+<r+1>< r)( Tl) 45 1)) Hyy 1 Hyn = (=5) (74 1) = 6(5 1)) Hn 1 Hon),
1

) —4(s —1)° +27(=5)%)),

T3 = 2(—4(r +1)°(=s) + (r +1)%(s = 7)* + 4(s — r)* = 27(~s)* —18(r+ 1)(s — 1)(=5)) Hom,
Ty=4(r+1)3(=s) = (r+13*(s =r)2 +18(r + 1)(s — 7)(=s) — 4(s — 1)3 +27(—5)*.
Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [25, Lemma 72.]. O

As particular example (generating function of (r, s)-Horadam-Leonardo polynomials), from Lemma 9.7, one gets
the following result.

Corollary 9.8. Suppose that |z| < min{|a|™™,[8]"™, |y|”™}. One gives generating function of (r, s)-Horadam-
Leonardo polynomials as follows:

iG n_ 2©4+205+6s
HIE T BT + 22T + 215 + Iy

where (as in Theorem 8.5 (a))

2204 = 2((3G 42 —2(r+1)Gj41— (s —7)G) Hpypo + (1 +1)2 = (s =1)) G2+ 3((r+ 1) (s =)+ (—5))Gj41 +
((s=1)2+(r4+1)(=8))Gi) Hp 1 +(=8) (r+1)G242(s—7)Git1+3(—8)Gy) Ho+(—4(r+1) G2 +2((r41)* — (s —
7)Git1+((r+1)(s=7)=3(=5))Gj) Hnt2Hmi1+ (=2(s =) G2+ ((r+1)(s =7) =3(=5))Gj41+2(r+1)(—5)G;)
Hpi2Hpm + (1 4+ 1)(s = 1) = 3(=8))Gj42 + 2((s = 7)* + (r + 1)(=5))Gj41 + 4(s — 7)(—8)Gj) Himt1 Hm),
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205 = 2((—2((r + 12 +3(s — )Gz + 0r + 13+ 7(r + 1)(s — r) + 9(—

)G+ ((r+1)%(s —7) —

3(r+1)(=s) +4(s —1)*)G;) Hm2 + ((2(r+ 1P+ 70+ 1) (s =) +9(=8))Gjr2 = 2((r + 1) +4(r +1)°(s =) +
6(r +1)(=s) + (s = 1)?)Gju1 — ((r + 1)%(s =) + 4(r + 1)(s = 7)* = (r + 1)*(=s) + 6(s — r)(=5))G;) Hm+1 +
((r+1)%(s =71) +4(s = 7)> =3(r + 1)(=5))Gjr2 — (A(r + 1)(s = 7)> + (r + 1)>(s =) — (r + 1)*(—s) +6(s —
)(=8))Gj41 — 2(=s)((r +1)° + 4(7" +1)(s—r)+ (—s))G]-)Hm),

@Sd: (A(r+1)%(=s) = (r+ 1)%(s = 1)? = 4(s = 1)° + 27(=s)> + 18(r + 1)(s — r)(=5))G},

an

2°T1 = 22 (—(—8)"(4(r + 1)%(=s) — (r + D2(s — )2 + 18(r + 1)(s — r)(—s) — 4(s — r)> 4+ 27(—5)?)),

2Ty = 22(((r + 1)* +3(s — r))Hpgo + ((r + D' +4(r +1)%(s — 1) + (s = 1)? + 6(r + 1)(=8)) Hpp1 +
(=)(r+1)° +4(r+ 1) (s =) +9(=8)) Ho, — (2(r + 1)° + 7(r + 1)(s =) + 9(=8)) Himr2 Hinr1 — (r +1)* (s —7) +
As—r)*=3(r+1)(- 8))Hm+2Hm+(T+1)(S— )((T+1) +4(8—7"))Hm+1Hm—(—5)((7"4-1)2—6(5— ) Hmi1Hum),

2l = z(—4(r + 1)3( s)+ (r+ 1) (s— r) +4(s — r) —27(— ) —18(r+1)(s — 7)(—s))Hm,

Ty=A4(r +1)3(=s) = (r4+1)% (s —r)2 +18(r + 1)(s — r)(—s) — 4(s — ) + 27(—s)>.

Proof. Replace r, s and ¢ with » + 1, s — r, —s, respectively, in [25, Corollary 73.]. O

10 CONCLUSIONS

The Fibonacci and Lucas sequences are sources
of many nice and interesting identities.  For the
applications of these second order sequences in
science and nature, one refer the citations in [11,12,10].

In this study, we define and investigate a linear
third order polynomial (and two special cases of its).
We called them the generalized Horadam-Leonardo
polynomials (and (r, s)-Horadam-Leonardo and (r, s)-
Horadam-Leonardo-Lucas polynomials). Binet's
formulas, generating functions, Simson formulas,
and the summation formulas for these polynomial
sequences are presented. Then, some identities and
matrices related to these polynomials are given.

Linear recurrence relations (sequences) have many
applications. Next, we list applications of sequences
which are linear recurrence relations.

First, some applications of second order sequences are
given. For the applications of

» Gaussian Fibonacci and Gaussian Lucas
numbers to Pauli Fibonacci and Pauli Lucas
quaternions, see [26].

* Pell Numbers to the solutions of three-
dimensional difference equation systems, see
[27].

» Jacobsthal numbers to special matrices, see
[28].

+ generalized k-order Fibonacci numbers to hybrid
quaternions, see [29].

» Fibonacci and Lucas numbers to Split Complex
Bi-Periodic numbers, see [30].

» generalized bivariate Fibonacci and Lucas
polynomials to matrix polynomials, see [31].

» generalized Fibonacci numbers to binomial
sums, see [32].

» generalized Jacobsthal numbers to hyperbolic
numbers, see [33].

» generalized Fibonacci numbers to
hyperbolic numbers, see [34].

 Laplace transform and various matrix operations
to the characteristic polynomial of the Fibonacci
numbers, see [35].

+ generalized Fibonacci Matrices to Cryptography,

dual

see [36].

« higher order Jacobsthal numbers to quaternions,
see [37].

» Fibonacci and Lucas Identities to Toeplitz-

Hessenberg matrices, see [38].

» Fibonacci numbers to lacunary statistical
convergence, see [39].

» Fibonacci numbers to lacunary statistical
convergence in intuitionistic fuzzy normed linear
spaces, see [40].

» Fibonacci numbers to ideal convergence on
intuitionistic fuzzy normed linear spaces, see
[41].

» k-Fibonacci and k—Lucas numbers to spinors,
see [42].

» dual-generalized complex Fibonacci and Lucas
numbers to Quaternions, see [43].

+ Hyperbolic Fibonacci numbers to Quaternions,
see [44].
Now, some applications of third order sequences are
given. For the applications of
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« third order Jacobsthal numbers and Tribonacci
numbers to quaternions, see [45] and [46],

Pentanacci numbers to matrices, see [67].

generalized Pentanacci numbers to quaternions,

respectively. see [68].
« Tribonacci numbers to special matrices, see [47]. - generalized Pentanacci numbers to binomial
+ Padovan numbers and Tribonacci numbers to transform, see [69].

coding theory, see [48] and [49], respectively. Next, some applications of second order

sequences of polynomials are given. For the

. applications of
+ adjusted Jacobsthal-Padovan numbers to the

exact solutions of some difference equations, generali;ed Fibonacci ~ Polynomials  to the
see [51]. summation formulas, see [70].

+ Pell-Padovan numbers to groups, see [50].

» Gaussian Tribonacci numbers to various graphs, generalized Flbc.)na<.:0| Polyngmlals, see [4].
see [52]. Now, some applications of third order sequences

) . of polynomials are given. For the applications of
« third-order Jacobsthal numbers to hyperbolic

numbers, see [53].

generalized Tribonacci Polynomials, see [25].

» Narayan numbers to finite groups see [54].

+ generalized third-order Jacobsthal sequence to COMPETING INTERESTS
binomial transform, see [55].

. generalized Generalized Padovan numbers to Author has declared that no competing interests exist.

Binomial Transform, see [56].

» generalized Tribonacci numbers to Gaussian REFERENCES

numbers, see [57].
 generalized Tribonacci numbers to Sedenions, [1] Frei G. Binary lucas and fibonacci polynomials |.

see [58]. Math. Nadir. 1980;96:83-112.
« Tribonacci and Tribonacci-Lucas numbers to  [2] Flérez R, McAnally N, Mukherjee A. ldentities
matrices, see [59]. for the generalized fibonacci polynomial. Integers.

» generalized Tribonacci numbers to circulant 2018;18B.

matrix, see [60]. [8] He TX, Peter JS, Shiue PJS. On sequences
of numbers and polynomials defined by linear
recurrence relations of order 2. International
Journal of Mathematics and Mathematical

» Tribonacci and Tribonacci-Lucas numbers to
hybrinomials, see [61].

* hyperbolic Leonardo and hyperbolic Francois Sciences. 2009:21. Article ID 709386
numbers to quaternions, see [62]. DOI:10.1155/2009/709386
Next, list of some applications of fourth order sequences  [4] Soykan Y. On generalized fibonacci polynomials:
are given. For the applications of Horadam polynomials. Earthline Journal of
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+ generalized Tetranacci numbers to Gaussian [5] Soykan Y. Sums and generating functions of
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Now, some applications of fifth order sequences are Equations; 2014.
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