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Abstract

The main purpose of the present article is to give a Hes€ription of the “golden” number theory ¢
new properties of natural numbers following from it, intigalar, Z-property, D-property, @ -code, F-
code, L-code. These properties are of big theoretical intergshdimmber theory and can be used|in
computer science.
The article is written in popular form and is intended dowide circle of mathematicians (including
mathematics students) and specialists in computer scievite, are interested in the histories |of
mathematics and new ideas in the development of number tlahyits applications in computer
science.

Keywords: “golden” ratio; Fibonacci and Lucas numbers; Z-progerD-property; @ -code; F-code;
L-code.

1 Introduction

As is known [1], number theory is one of the oldest matheadatieories. As is emphasized in [1], number
theory ‘is a branch of pure mathematjaevoted primarily to the study of the integérss sometimes called
"The Queen of Mathematics" because of its foundational plate idiscipline’

Recently, the new ideas in number theory aroused in thbevetics of Harmony [2]. In this regard,
author’s article [3]js the great interest.

*Corresponding author: E-mail: goldenmuseum@rogeos;
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The main purpose of the present article is a popular and comescription of the concept of the “golden”
number theory and following from it new surprising projgsriof natural numbers, described in the article
[3]. Also, it should be noted that new ways for positiaegresentation of numbers, described in the article,
are directly related to computer science. Therefordnaratticle there are obtained new mathematical results,
which touch not only number theory, but also foundations of cagnjgatence.

2 The Geometric Definitions of a Number

2.1 Euclidean Definition

Euclidean number theory, stated in book VII of Eucliflsmentspegins from two definitions [4].
Definition 1. A unit is that by virtue of which of the things eactths things that exist is called one.
Definition 2. A number is a multitude composed of units.

As highlighted in the article [4]Euclid treats the unit, 1, separately from numbers, 2ar8] so forth... The
numbers in definition 2 are meant to be whole positive nusniperater than 1, and definition 1 is meant to
define the unit as 1. The word “monad,” derived directlynirthe Greek, is sometimes used instead of
“Unit,"

Euclidean number theory has geometric interpretation agthddérom geometric definition of a natural
number. Euclid considered all numbers as geometric segmedtsuch approach led him to the following
definition of a number. Suppose that we have the infinite nuofitée “units” of 1:

S :{1, 1, 1,..}. o))

Euclid named therfmonads” and he did not consider‘monad” as a number. It was simply theginning
of all numbers.Then we can define a natural numhbéras some geometric segment, which can be
represented as the sum of theonads” taken from (1), i.e.,

N=1+1+.+1. @
N

In spite of limiting simplicity of the definition (2), thad played a great role in mathematics, in particuar, i
number theory. This definition underlies many important eratitical concepts, for example, the concept of
the prime andcomposediumbers and the conceptdifisibility, which are the main conceptsaé&mentary
number theory

2.2 Constructive Definition of Real Numbers

But there are also other definitions of a number, in padicireal number The so-calledconstructive
approach” to the definition of areal numberis known [5]. According to [5], the real numbers can be
constructed as a completion of the rational numbers in such ahaéy sequence defined by a decimal or
binary expansion like (3; 3.1; 3.14; 3.141; 3.1415; ...)waagesto a unique real number, in this casé

We can use the binary system

A=3 32 (i=0,+1%2x3,.)(a 0{ 0O}) )

for the constructive definition of real numbers. Then, thfin@tion of a real numbeA according to (3) has
the following geometric interpretation. Consider now an infisiée of the “binary” segments of the length
2" that is,
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B={2", (4)

wheren = 0, £1,+2, +3, .... Then all real numbers can be represented by the sumeh{@h consist of the
“binary” segments taken from (4).

Notice that the number of the terms of the sum (3) is aiaite but potentially unlimited that is, the
definition (3) is a brilliant example dhe potential infinity conceptised in theonstructive mathemati¢s].

Clearly, that the definition (3) determines on the numesid only a part of real numbers, which can be
represented exactly by the sum (3). We name such nunsbestructive real numbersAll other real
numbers, which cannot be represented by the finite sumré3gallednon-constructive real numbers

What numbers can be referred to tien-constructivenumbers within the framework of the definition (3)?

Clearly, that all irrational numbers, in particular, thaimmathematical constantsande, the numbey'2,

the golden ratio are referred to the “non-constructive” lmens But within the framework of the definition
(3) some “rational” numbers (for example, 2/3, 3/7, etehlich cannot be represented by the finite sum (3),
also are referred to the “non-constructive” numbers.

Notice that though the definition (3) considerably lintits set of real numbers, this fact does not belittle his
significance from the “practical,” computing point of vielvis easy to prove, that any “non-constructive”
real number can be represented by (3) approximately trendjuantization erroA will decrease in the
process of increasing the terms of the sum (3), howsx@rfor all the “non-constructive” real numbers. In
essence, in modern computers we use only the “constructivebers, given by (3), however we do not
have any problem with the “non-constructive” numbers, becthey can be represented in the form (3) with
the approximation errdk that strives to 0 potentially.

2.3 Newton’s Definition of Real Numbers

Within of many millennia, mathematicians developed arétiped the concept of a number. In the 17th
century during the origin of modern science, in particulaodern mathematics, a humber of methods of
studying the “continuous” processes is developed and theepgbn€ a real number again goes out on the
foreground. Most clearly a new definition of this condemiven by Isaac Newton (1643 - 1727), one of the
founders of mathematical analysis, in Arthmetica Universalig1707):

“We understand a number not as the set of units, but ashtteaat ratio of some magnitude to other one of
the same kind taken for the unit®.

This formulation gives us the uniform definition of a real numketional or irrational. If you consider now
the Euclidean definition2) from the point oNewton’s definitionwe can see that the “monad” of 1 in (2)

plays a role of the unit. In the “binary” notation (3) thember 2, that is, the radix of numeral system, plays a
role of the unit (or “monad”).

3 Codes of the Goldem-proportions as a New Geometric Definition of a
Real Number

3.1 Bergman’s Number System with Irrational Base

In 1957 the American wunderkind George Bergrpahlished the papek number system with an irrational
base[7] in the authoritative journalMathematics Magazine.”

The following sum is calleBergman’s number system



Stakhov; BJMCS, 11(6): 1-15, 2015; Article no.BJMK1S85

A=2 a9 (i=0+1£2%3, ), ()

whereA is a real numberg; is a binary numeral (0 or 1) of tiwth digit, ®' s the weight of thé-th digit,
@ is the base of Bergman's system (5).

Let us compare Bergman’'s system (5) to the binary syg@mwhich underlies modern computer
technology. These notations have the common property: they eséirtary numerals 0 and 1 for
representation of numbers, that is, from this pointi@inthey relates to the class of the binary systdihe.
abridged notations of the sums (3) and (5) have one and tleefeam

A:%%_l...qao.alaz...g(k_l) 8 - (6)

However, a principal distinction between them consists ofétiethat the irrational numbep = % (the
2

golden ratio) is used as the base of the numetksy (5) and the digit weights are connected by the
following relations:

q)i =q)i—1+q)i—2 (7)
O =pxp' L, 8)
The first relation is calleddditiverelation, the secondmultiplicativerelation.

For the case of Bergman’s system (5), we will naime abridged representation (6) as thelden”
representation

Bergman’s system (5) is callechamber system with an irrational bagdthough Bergman'’s article [7] is
the result of a principal importance for numberottyeand computer science, Bergman’s article [7{hiat
period (1957) did be noted neither by mathematiiaor specialists in computer science. And in agsioh

of his article [7] George Bergman wrot#:do not know of any useful application for systems such as this,
except as a mental exercise and pastime, though it may be ofsouine in algebraic number theory.”

It is necessary to note that the number systemiwihonal base, developed by George Bergman &Y 18
the most important mathematical discovery of 2ihahe field of numeral systems after the discovefy
positional principle of number representation (Hahy 2000 B.C.), decimal system (India, 5th cenfunyd
binary system (3). The most surprising is the fhat George Bergman made his mathematical discamery
the age of 12 years! This is an unprecedentedindke history of mathematics!

3.2 Pascal’s Triangle and Fibonacci numbers

Binomial coefficients and Pascal's triangle is Wydesed in various fields of mathematics, compst@ence
and many other applied sciences. Essentially, ithisne of the fundamental mathematical notions that
underlie the exact sciences. The famous mathematizicob Bernoulli (1655 - 1705) wrote:

"This table has a number of wonderful properties. We hasteshown that this table is the essence of theory
of combinations, but those who are in close contact with the efegnknow that this table contains a
number of fundamental secrets of this area of mathematics".

In the book [8], the famous American mathemati@ad populariser of mathematics George Polya (1887 -
1985) has found a surprising connection betwironacci numbersand “diagonal sums” of Pascal’s
triangle (see Table 1) .
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Table 1. Diagonal sums of Pascal’s triangle
1 1
114//
2 2 —
3 L///;jj
5 1 /)/w

46
8 151 1
13 Jﬁ%o/yjﬁ
21 721 )yfy/p/ ?
I

34 41// 28— SF/ T}/S T/

-

n o X ™ N S N
O © <X+ ™ N ™~ (o))
N ™ @0}2

If we calculate the sums of binomial coefficiertmngling on the diagonals:

1=1, 1=1, 2=1+1, 3=1+2, 5=1+3+1, 8=1+4+3, 13=1+5K621=1+6+10+1, ..., we get the Fibonacci
sequence, that is, Pascal’s triangle is a “geneérafdhe Fibonacci numbers!

At first glance, it seems that finding this conmectis so simple and so “elementary” what it handigrthy
the attention of mathematicians. However, this madtical result, which, as say, "lay on the surfafa
several centuries was the "big secret" for BlaiascBl and other mathematicians who studidzbnacci
numbers and Pascal's triangle However, the surprisingly simple mathematical raumtion between
Fibonacci numbers and Pascal triangle opens thetwakie deep union of two important mathematical
theories, theheory of Fibonacci numbel® - 11] andcombinatoricsand this union can become a fruitful
source for new mathematical ideas and generalizatio

3.3 Fibonaccip-numbers

The development dPolya’s idea[8] led us in the book [12] to the discovery o€ thurprising generalized
recurrence relation, which “generates” an infinitember of the new recurrence sequen&ésonacci p-
numbergp=0,1,2,3,...) given by the following recurrence redati

F()=F (i-D+F (i-p-1) for i>p+1 9)
at the following seeds:
F,=F (2=.=F (p+1)=1 (10)

Here the numberp=0,1,2,3,... correspond to the different inclinatiasfsdiagonals in Pascal's Triangle
(Table 1).

Note that the recurrence relation (9) at the sé&@} generates many remarkable numerical sequeirces,
particular, thebinary sequenctor the cas@=0:

1,2,4,8,16,32,64,.."2,..., (11)
and theFibonacci sequencior the cas@=1:

1,1,2,3,5,8,13,21,34,55,.F,,... (12)
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3.4 The “Golden” p-proportions

A study of the limit of the ratios of two adjaceRtbonacci p-numberded to the following algebraic
equation:

xPH—xP-1=0, (13)

which is a generalisation of the “golden” algebraiuation x> - x—1= Owith the positive I'OOI(D:]-"'\/B
2

(the golden ratio).

In general, the positive roo@p of the equation (13) are new mathematical constealted thegolden p-
proportions(p=0,1,2,3,...) that are a generalization of the clatgolden proportion [13, 14].

Table 2. Partial cases oiCDp

0 1 2 3 4

p
(Dp 2 1.618 1.4656 1.3802 1.3247

Thus, we have every right to claim thRdscal's trianglds a "generator" of new recurrent sequensg@n) ,

which are a generalization of the classical Fibohaombers, and new mathematical constéﬁ@ which

are a generalization of the classical golden ratteese mathematical concepts underlie tedry of the
Fibonacci p-numbers and golden p-proportionfl2-14], which is a generalization of the claskitheory
of Fibonacci numbers and golden rati®-11].

3.5 Codes of the Goldep-proportions

The binary system (3) and Bergman'’s system (5haifaking the following generalization. Consider Het
of the following standard line segments:

{.., @5, O OF P O0= 1 P (14)

where CDp is the golderp-proportion, a real root of the goldgnratio equation (13). The powers of the
goldenp-proportions are connected by the remarkable identit

Pp =opt+ O (15)

By using (14), we can get the following positioh@hary method of real numbers representation cahed
code of the golden p-proportiofis3,14]:

A=Y a®}; p=0,123,. (16)

where g; D{O,]} is the binary numeral of theth digit; CDip is the weight of theth digit; CDp is the base of

the numeral system (16)7 0, £1, £2, £3, ... .
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Note that the formula (16) gives an infinite numbé&new positional numeral systems with irratiobakes,
since all their baseQDp(p =1,2,3,..) are irrational numbers (except for the baﬁg_o =2, corresponding

to the cas@=0).

Note that the codes of the goldesproportions (16) for the first time were introddcey Alexey Stakhov in
1980 in the article [13]. Theory of the codes a&f toldenp-proportions and their applications in computer
science is described in Stakhov's 1984 book [14].

3.6 Surprising Properties of Natural Numbers

3.6.1 What means “elementary number theory”?

A detailed analysis of the history efementary number theoand its applications is given in the book [15]:

“As far back as 5000 years ago, ancient civilizations had developgd of expressing and doing arithmetic
with integers. Throughout history, different methods have beet tesdenote integers. For instance, the
ancient Babylonians used 60 as the base for their number sgsigrhe Mayans used 20. Our method of
expressing integers, the decimal system, was first dewklogedia approximately six centuries ago. With
the advent of modern computers, the binary system came intspvadd use. Number theory has been used
in many ways to devise algorithms for efficient computer agtienand for computer operations with large
integers.”

We can see from the above quote, that numeralragssamilar to theBabylonian system with the base 60,
Mayan system with the base 20, decimal and binary systemderlieselementary number theognd its
main goal is to study integer numbers. In this @mtion, surprising properties of natural numbers,
discovered in the "golden" number theory [3], afe¢heoretical interest for number theory and coreput
science.

3.6.2 Representation of natural numbers in Bergman'’s ste@ms and codes of the goldepproportions

We'll start from the simple examples of represémtabf natural numbers in Bergman'’s system (5). %t
consider the representation of natural nunibar Bergman’s system, called —code of natural numbeN

[3]:
®-code N=) ab'( =0,+1+2+3,.). 7

The different binary “golden” representations (8)oae and the same natural numbkfor the @ —code
(17) can be obtained one from another by means&efpeculiar code conversions calleshvolutionand
devolutionof the binary digit These code conversions are carried out within tlopes of the one “golden”
representation (6) and follow from the basic reence relation (7) that connects the adjacent digights

of the @ —code (17). The idea of such code conversions (micra-atfns) consists of the following.

Convolution:011= 10C (18)
Devolution: 100= 011

Below we see the examplesaafnvolutionsanddevolutionsor the natural numbers 7 and 5:

Convolutions: 7= (19)

PRO
oo

11
01
10

O
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] 1000C
Devolutions:5={011 0 ( (20)
01011
The “golden” representation (6) for the numbel dboks as follows:
1=9°=1.00 (21)

By using the micro-operation afevolution[100=011], we obtain another “golden” representatof the
number of 1 as follows:

1=0.11=01+ @2 (22)

Let us add the bit of 1 to the O-th digit of theolden” representation (22). As a result, we obthi@
“golden” representation of the number of 2:

2=1.11 (23)

If we carry out the micro-operation cbnvolution[011=100] to the “golden” representation (23), ekgain
another “golden” representation of the number of 2;

2=10.01=P' +02 (24)

By adding the bit of 1 to the O-th digit of the tden” representation (24) aftepnvolution[011=100], we
obtain the following “golden” representation of thember of 3:

3=100.0E®?+d2 (25)
The “golden” representation of the numbers 4 atabks as follows:

4=101.0E®?+P0+ P2 (26)
5=1000.100k @3+ 1+ P4
Continuing this process ad infinitum, we obtain thelden” representations of all natural numbersug,
this study leads us to the following far not trivimathematical result, which can be formulatedtees
following theorem.

Theorem 1. All natural numbers can be represented in Bergmsystem (17) by using a finite number of
binary numerals.

This result can be generalized for the codes ofthiéenp-proportions [2].

Theorem 2.For the giverp>0, any natural number can be represented in thieigp-proportion code (16)
by using the finite number of bits.

Note that Theorems 1 and 2 are valid only for rdtoumbers. This gives us the right to interpre¢driem 1
and 2 as new properties of natural numbers.
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3.7 TheZ- and D-properties of Natural Numbers

Bergman’s system (5) and codes of the golggmoportions (16) are sources for new number-themlet
results. TheZ- andD-properties are the most surprising among them.

Let us consider the®—code of natural numbeN, given by the formula (17). Note that according to
Theorem 1, the sum (17) is always finite for anyurel numberN, that is, any natural number can be
represented as a finite sum of the golden ratiogpew

Bergman’s system (5) is a source of new numberrétieal results. The&-property of natural numbers is
one of these results. This property is based uperidiowing very simple reasoning.

There is well-known in Fibonacci numbers theory][thE following remarkable formula:

q)i:Li-i-I:i\/E

> (i =0,+1+2+ 3) (27)

which connects the golden ratio pow@é through Lucas numbel; and Fibonacci numbers; .
Recall that in the formula (27) we are talking atiibonacci and Lucas numbers, "extended" to thyaiiee

values of the index =0,+1,+ 2+ 3,... Table 3 demonstrates the example of the "extenBidnacci and
Lucas numbers.

Table 3. The “extended” Fibonacci and Lucas numbers

n 0 1 2 3 4 5 6 7 8 9 10
Fn 0 1 1 2 3 5 8 13 21 34 55
Fon 0 1 -1 2 -3 5 -8 13 -21 34 -55
L, 2 1 3 4 7 11 18 29 47 76 12z

L., 2 -1 3 -4 7 -11 18 -29 47 -76 123

It follows from Table 3 the following identities, hich connect the “extended” Fibonacci and Lucas
numbers:

F.=(-)""F; L, =(-1)"L, (29)

If we substitute the expression (27) inste® into the formula (5), we can represent tfe-code (5) of
natural numbeN as follows:

1
N =§(A+ BJE) (29)
where
A= Z 8 |_' (30)
B=)Y aF. (31)
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Note that all binary numerals {0,1} in the sums )(Zhd (31) coincide with the corresponding binary
numerals of the® -code (5) of natural numbé.

Let us represent the formula (29) as follows:

2N = A+ BJS. (32)
Note that the expression (32) has general charanters valid for any arbitrary natural numibér

Let us study the “strange” formula (32), which &g for any natural numbe. It is clear that the number
2N that stands on the left of the expression (323lvgays an even number. The right-hand part of the

expression (32) is the sum of the numBend the product of the numbBrby the irrational numbeﬂ/g.
However, according to (30) and (31), the numBeandB are always integer numbers because the Fibonacci
and Lucas numbers are integers. Then, it followmf(32) that for any natural numbidr the even number

2N is equal to the sum of the integeand the product of the integBrby \/5 This assertion is valid for all
natural numbers N! We can ask the question: whes ekpression (32) is valid for the general case® T
answer to this question is very simple: the expoas&2) will be valid for any natural numbironly for the
condition if the sum (31) is equal to 0 (“zero”pdathe sum (30) is equal to the doubldhat is,

B=> 3k =0 (33)

A=>"al =2N. (34)

Next let us compare the sums (17) and (31). Simedinary numerals; in these sums coincide, it follows
that the expression (31) can be obtained from thmdla (17) if we substitute the Fibonacci number

instead of every power of the golden raf® in the formula (17), where the indesakes its values from the
set {01, £2, £3,...}. However, according to (33) the sum (31) gu& to O identically, independently of
the initial natural numbeN in the formula (17). Thus, we have discovered a fswdamental property of
natural numbers, which can be formulated throughfeliowing theorem.

Theorem 3 E-property). If we represent an arbitrary natural numbeéin the ® -code (17) and then
substitute the Fibonacci numbgrinstead of the golden ratio pow&' in the expression (17), where the

index i takes its values from the set £0,+2+3,...}, then the sum that appear as a result of sach
substitution is equal to 0 identically, indepentient the initial natural numbe, that is,

Forany N=3 ad®' after substitution, - ®':>" ;g EO( 0+ 1* 2% 3,.) (35)
I I

Let's compare now the sum (17) and (30). Sincebthary numerals; in these sums coincide, the formula
(30) can be obtained from the formula (17) if wéstiiute the Lucas numbér instead of the golden ratio
power @' in the formula (17), where the indéxakes its values from the set £0,+2+3,...}. However,
according to (34) the sum (30) is equal Midentically,independently of the initial natural numbin the
formula (17). Thus, we have discovered another dumehtal property of natural numbers, which can be
formulated as the following theorem.

Theorem 4 D-property). If we represent an arbitrary natural numbéin the ®-code (17) and then

substitute the Lucas numbkrinstead of the golden ratio powé?i in the formula (17), where the indéx
takes its values from the set £0,+2,£3,...}, then the sum that appears as a result of austhbstitution is
equal to Al identically,independently of the initial natural numbérthat is,

10
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Forany N=3" a®' after substitutionF» @' :>" g2 (=0t1£2#3,). (36)
| I

Thus, Theorems 3 and 4 provide new fundamentalgpties of natural numbers. For the first time Zhe
and D-properties of natural numbers are described irhalg article [3] published in théJkrainian
Mathematical Journal.lt is surprising for many mathematicians to knovattithe new mathematical
properties of natural numbers were only discovemedhe beginning of the 21-th century, that is, 2%
millennia after the beginning of their theoretis&lidy. The golden ratio and the “extended” Fibohaod
Lucas numbers play a fundamental role in this disop This discovery connects together two outstand
mathematical concepts of Greek mathematigatural Numbersand theGolden SectionThis discovery is
the second confirmation of the fruitfulness of ttenstructive approach to the number theory based up
Bergman'’s system (5).

3.8 TheF- and L-codes

3.8.1Definition of the F- and L-codes

The abovezZ- andD-properties of natural numbers given by Theoremad4 allow us to create new and
very unusual codes for the representation of natunabers.

Taking into consideration théproperty (35), we can rewrite the expression (2fpdows:

N=(A+B), (37)

whereA is defined by the expression (30) @by the expression (31).
Let us explain the expression (37). According ®fitrmula (31),B=Za5 =0 (Z-property). Therefore, the
formula (37) can be rewritten as followst :%(A+ 0). On the other hand, we can rewrite the formulg (37

as follows: N -1 _ E -1 , because all binary coefficients in the expression
(ZavsTar)-2 Taleep)

(30), (31) coincide. It follows from these arguneetite following expression foi:

N:Za";':i (i=0+1+243,.) (38)

Taking into consideration the following well-knowaentity [11]

L+F

:F.+,
2 i+1

we get from (38) the following representation af #ame natural numbisr
N:ZqFHl(i:O,il,iZi&..) (39)
i

The expression (39) is named theode of natural number [8].

11



Stakhov; BJMCS, 11(6): 1-15, 2015; Article no.BJMK1S85

As the binary numeralg, D{O,]} in the expressions (17) and (39) coincide, itdiel from this fact that the

F-code of the natural numbétf can be obtained from th@ -code (17) of the same natural numbeby

means of substitution of the Fibonacci number; instead of the golden ratio powebi, where
i=0+1+243,....

Let us now represent tikecode ofN, given by (39), as follows:

N=> aF, +2B, (40)

where the ternB is defined by the expression (31). Note that atiogrto (35) the expression (31) is equal to
0 identically. Then, the expression (40) can beasgnted as follows:

N=Y"a(F,+2F). (41)

Taking into consideration the following well knowdentity [11]
Liv1=Fis1+2F;,

the expression (41) can be represented as follows:

N=>aL,(i=0x1+2£3,) (42)

The expression (42) is named theode of natural number [8].

As the binary numeralg, D{O,]} in the expressions (17) and (42) coincide, thisamsethat thé-code ofN,

given by (42), can be obtained from t§@-code ofN (17) by means of the substitution of the Lucas

numbers.;,; instead ofhe golden ratio powerQDi , Wherei=0+1+2+3,... . It is clear that the-code ofN,
given by (42), can also be obtained from Fheode (39) of the same numbéiby means of the substitution
of the Lucas numbdy;, ; instead of the Fibonacci numbgr; in the formula (39).

Let us consider the representation of the sums, (BB) and (42) in the abridged form (6) called the
“golden” representation of natural numbérlt is clear that the® -code (17)F-code (39) and.-code (42)
lead us to one and the same “golden” representafioratural numbeN in the form (6) because all the

binary numeralsy, D{O,]} in the expressions (17), (39) and (42) coincide

3.8.2Numerical example

Once again let us consider the “golden” represem#6). We can see that the “golden” represenai) is
divided by the point into two parts, namely the &fid the right hand parts, which respectively strof the
digits with non-negative and negative indices. &ample, let us consider the “golden” represematitthe
decimal number 10 in Bergman'’s system:

10=10100.0101. (43)

Forthe @ -code (17) the “golden” representation (43) hasfelewing numerical interpretation:

10=*+ P2+ P 2+p4 (44)
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By using the formula (28), we can represent the @uthas follows:

10= st FAB, L+Fa5 L ,+F 45 L +F ﬁ (45)
2 2 2
From the relation (28), we can easily obtain:
L,=L,L,=L,F,=-F,F ,=F, (46)

Then (45) can be reduced as follows:
10=2bt ) oy y 2743
2
Now, let us consider the interpretation of the toi” representation (6) as tReandL-codes:
10=Fs+Fg+F +F 3=5+2+1+2;
10=lg+latl 4+l 3=11+4-1-4.

Also we can check the sum (45) according to Zheand D-properties. If we substitute into (45) the
“extended” FibonacciR;) and Lucasl() numbers instead of the powed® , we get the following sums:

Fs+Fo+Fo+F 4=3+1+(-1)+(-4)=0 Z-property)
LytLlo+L o+l 4,=7+3+3+7=20=2x100-property).

Thus, there are three way of the interpretatiothef‘golden” representation (6) of one and the saataral

numberN: @ —code (17), F-code (39) andL-code (42). Wherein, as is shown in [3], the distinction
between them arises only at shifting the "goldeptesentation (6) to the left or to the right.

3.8.3 Shifting theF- and L-codes

Let us denote by andN the results of shifting the “golden” representat{6) on thek digits to the left
and to the right, respectively.

The following theorems are proved in [3].

Theorem 5.Shifting the “golden” representation (6), intergettas thé--code (39), on th& digits to the left
(that is, to the side of the highest digits) cqumws to the multiplication of the numhery the Fibonacci
number Fy.;, however, its shifting on thk digits to the right (that is, to the side of thevést digits)
corresponds to the multiplication of the numNeby the Fibonacci numbét,.,, that is,

Netg = 228 R = Faa* N (47)
|

Ny = Z &K = R XN (48)
I

Theorem 6.Shifting the “golden” representation (6), intergefs thé.-code (42), on thk digits to the left
(that is, to the side of the highest digits) copmals to the multiplication of the numbNrby the Lucas
number L, .., however, its shifting on thk digits to the right (that is, to the side of thevést digits)

corresponds to the multiplication of the numNeby the Lucas numbel_, ., , that is,
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Ny = z & L = L @ N (49)
Ny = z & L = Lsr X N (50)

Note that the theorems, similar to Theorems 3ar@&proved for the codes of the golgeproportions in the
book [2].

4 Numeral Systems with Irrational Bases as the Basiof the “Golden”
Number Theory

Above we developed the so-called “constructive”rapph to the definition of real number based on the
binary system (3). This idea allows making thedwihg generalization. We can apply Newton’s deifomit
of real number to the numeral systems with irraldoases, given by (5),(16). In fact, the systenith w
irrational bases are fundamentally new numeraksystthat have theoretical importance for numbesrihe
They turn over our ideas about real numbers anid itgresentation. Historically natural numbers evire
first class of real numbers; the irrational numbeage been introduced into mathematics much lafesr
the discovery of the “incommensurable segments.thia traditional systems (Babylonian sexagecimal,
decimal, binary) some natural numbers 60, 10, 2 ased as the “beginning of calculus.”
All real numbers can be represented through thesh&®, 10 or 2 by using sexagecimal, decimal,
binary systems. In the systems with irrational basé), (16) some irrational numbers
1+2*/§(the golden rati)) and>p( the golden propmg)] are the “beginning of calculus.” All other real
numbers (including natural numbers) can be reptedahrough the irrational numbeqsandq;p(p: 12,3).

by using (5), (16).

b=

Thus, in our concept we consider the sums (5), &6a new definition of real numbers. Above we have
considered the extreme partial cases of the nunelpeesentation (16). For the case0 the formula (16) is
reduced to the binary system (3), for the gas& the system (16) is reduced to Bergman’s systémit(5
follows from this consideration that the positiomapresentation (16) is very wide generalizationthef
classical binary system (2) and Bergman'’s system (5

5 Conclusion

In conclusion, we note that all Theorems 1 — 6midated above, are valid only for natural numbers.
Therefore, we have a right to consider the rexflfEheorems 1 — 6 as new properties of natural reusb
This means that in the "Harmony Mathematics" [2] f@end unexpectedly new, previously unknown
properties of natural numbers, the theoreticalystfdwhich began 2.5 millennia ago, at least stgrfrom
Euclid’'s Elements These properties are of great interest for nuntheory and can be used in computer
science.
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