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Abstract

An operatorA OB (H) ,Ais said to be( n, kjquasi-*paranormal if

| At Ak o) [ | A%

n
Ln > ||AD(Ak(X))|| for every x inH[1]. In this paper, the conditions

under which composite multiplication operator beesnk-*paranormal operator, k-quasi-*paranormal
operator and (n,k) -quasi-*paranormal operator, ehdeen obtained in terms of Radon-Nikodym
derivativef .

Keywords: k-*paranormal; k-quasi-*paranormal(n,k) -quasi-*paranormal; conditional expectation;
composition operator; multiplication operator and composite rplitétion operator.
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1 Introduction

Let X be a non-empty seC be the field of complex numbers an{ X) be a vector space of complex
valued functions orX under the pointwise operations of addition andascanultiplication. LetT be a
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mapping of X into X such thatfoT is inV(X) wheneverf is inV (X) . Define the composition
transformationCt on Vv (X)asCyf =foT for everyf inv(X). If V(X)has a Banach space structure
and Cy is bounded, theiCt is called the composition operator &( X )induced by T. Letu:X — C

be a function such thst,,, defined asM f =ulf for everyf in V(X) is a bounded linear operator on
V(X) . Then the producCt M which becomes a bounded operator W(X) is called a composite
multiplication operator.

Let B(H) be the Banach algebra of all bounded operatossiditbert Spacél . If (X,> ,u)is a o -finite

measure space anX - X iS a measurable transformation such tlaat OB(L2(w) , then in [2]

R. K. Singh and D. C. Kumar have proved that thesneeuT ™1, defined asu T (E) = p(TL(E)) for
every E in Y , is absolutely continuous with respect to the meag . Let fy denote the Radon-

Nikodym derivative ofyT™1 with respect tou and if C OB (L2(u)), then in [2] R. K. Singh has proved
thatCTDCT =Mi, - A composite multiplication operator is a lineaarnsformation acting on a set of

complex valued>, measurable functions of the form
My1(f)=CiMy(f)=uoT foT

Where uis a complex valuedy, ~measurable function. In case=1 almost everywhereM , T becomes

a composition operator, denoted By .

Let X be a non-empty set and IBf be aoc -algebra onX. Let p and pT_l be measures off and
fg:X - [0,00] be a measurable function, then the following arg\edent:

@) pT_liS absolutely continuous with respect toandfg is Radon-Nikodym derivative quT_1
with respect tou .
(ii) For every measurable functibrX - [0, ], the equality

[fduTt=]f,fdp
X X

holds.

In the study considered is the using conditionpleexation of weighted composition operatorLo%}spaces.
For eachf OLP(X,¥ ,u), 1< p< o, there exists an unique™1(3 )-measurable functioE(f) such that

[ofdu=[gE(f)dp

A A
for everyT'l(z )-measurable functiog, for which the left integral exists. The functi@(f) is called
the conditional expectation df with respect to the subalgeb‘rél(z ). As an operator ofP(p), E is
the projection onto the closure of range ©fand E is the identity onLP(u) , p=1 if and only if

T'l(z )=Y . Detailed discussion dt is found in [3,4].
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1.1 *paranormal

An operatoA OB (H), A is said to be *paranormal NfA Yx) “2 < “ A?(X) “ | x| forallxOH.

1.2 k-*paranormal

k
An operatoA OB (H), A is said to be k-*paranormal NfA S(x) ” < “ AX(x) ” [ x| forallx OH.

1.3 Quasi — *paranormal

An operatoA OB (H), A is said to be quasi-*paranormal if

o] s|a*e acol
for allx OH[1].
1.4 k- Quasi — *paranormal

An operatoA 0B (H), A is said to be k-quasi-*paranormal if

Jim o <fat2e0 o]
for all x OH [1].

1.5 (n, k) -Quasi — *paranormal

An operatoA OB (H), A is said to be(n, k) -quasi-*paranormal if

||A1+n(Ak(X)) +n Ak(X) % 2||AD(Ak(X))||

for all x OH [1].
1.6 (M, k)* Class
‘o cai 0 - vk o p KA K
An operatoA OB(H), A is said to bgM, k) class if(AA-)" <A~ A" for k>1.

2 Related Works in the Field

During the last thirty years several authors hagéndd W, 1 =M_;Ct =u(foT) and have studied the

properties of various classes of weighted compwsithperators orL.2 spaces. The study of weighted
composition operator was initiated.
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Myt(f)=Cy My(f)=ueT foT by R. K. Singh and D. C. Kumar [2]. The conceptnairmality of
bounded linear operators on a Hilbert Space has gewreralized by different authors.

Recently, S. Senthil, P. Thangaraju and D. C. Kufghhave proved, the theorems on n-Normal and n-

quasi-normal composite multiplication operator Io%-spaces. Arora and Thukral [6,7] have proved, a
weighted composition operatok/,, + =M ,C is *paranormal and quasi-*paranormal operatorsné&o

results have been found by N. Chennappan and $hikeyan [8], in the characterizations of *paranatm
and quasi-*paranormal operators. S. Mecheri [9% b@ved the results on k-quasi-paranormal opevator
Many results have been found, in the charactedmatf k-*paranormal andn,k) -quasi-*paranormal

weighted composition operators oA-spaces, see [10,11,1].

3k-*Paranormal and (v,k)”"Class Composite Multiplication Operator

Throughout the paper, by an operator we mean adeslulinear operator on a Hilbert spaceHIfdenotes
an infinite dimensional complex separable Hilbepa&:, denotes the algebra of all operatorsHohy
B(H) . Fahri Marevi and Muhib Lohaj [12] have provedtiHar each positive integet =2 and define an

operator A is k-*paranormal if and only ifADkAk —ka‘lAAD+(k—1)CkI >0 for all C=0.
Followed by Anuradha and Pooja Sharma [11] haveacherized k-*paranormal weighted composition
operators. In an analogous manner, we give a desization of *paranormal an¢M, k)D class composite

multiplication operator o2 —spaces

3.1 Proposition
Let the composite multiplication operatdy, 1 [ B(Lz(p)) . Thenforu=0

()Mt My 7f =u?fy f
(i) Myr MOt =u?o Ty o TOE(F)

Since My 1(f)=CiM,(f)=ueT foT

My 7(f) = (CTMy)"(F) =up (FoT™)

the adjointM T of My 7 is given byM "7 f =ufo (E(f)- T~ and
M7 yTf = ufo Eufo) o T I EF)oT™
where

E(ufg)o T "D = E(ufy) o T E(ufg) o T2 . E(ufg) o TP

E(ufg) e T" L= E(ufy)e TLE(Uufy) o T2...E(ufy)o T" L
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Theorem 3.2

Let the composite multiplication operatsr, 1 O B(L%(n)) .Then M uT IS *paranormal if and only if

uszEE(uzfo)oT_lf -2cu? oTEﬂOoTEE(f)+C2| >0 almost everywhere, for att > 0.
Proof:

SupposeM , T is *paranormal. Then

2
MTur M2yt -2C Myt M +C? 20 forall czo0.

This implies that

<(MDZU|T M2,T -2CM T M1 +C2)f >20 for all f OL2 ()

Since My 1(f)=CiM,(f)=ueT foT
MEuT f =ufgEF)oT L
MPu1M20T (F) = Uy (E (o) o T

and we have

Myt M7 =u?oTOfg o T OE(f)

{ U0 () o T™1 ~2CU? o Tl o TIE(f) +C21 Jdu> 0 for everyED's
E

uzfoEE(uzfo) o T -2cu? o Ty oT[EE(f)+C2I >0 almost everywhere, for alt > 0

Corollary 3.3

If the composition operatoC is in B(Lz(p)) then Ct is *paranormal if and only if

foE(fg) o T -2C fgo T[E(f)+C2 I =0 almost everywhere, for att > 0.
Proof:
The proof is obtained from theorem 3.2 by puttingl.

Corollary 3.4

If the composite multiplication operatt , 1 is in B(Lz(p)) then M, 1 is *paranormal if and only if

ut o T2 o THE(f))? < u?fy (EU3fg)o T H almost everywhere.
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Proof:

Suppose M1 is  *paranormal is in B(Lz(p)) . Then by theorem 3.2,
u?fo [E (u?f) e T2 —2Cu2 o THgo TIE(f)+C?1 20 almost everywhere, for alc>0 We know that, by
elementary properties of real quadratic forma# 0, b, c are real numbers, that? + bt+c =0 for every

real tif and only ifb? - 4ac<0.

Hence we get,
2 2 2 2 -1
e (U T go TLE(f))” S ufgE(U“fg)oT ~f almost everywhere.
< Ut oTHy? o THE())? < ufo (E(U%f)o T almost everywhere.
3.5 Example

duT (%)
dp(x)

Defineu:R - R asu(x)= ;2 forall xOR andE(f) =f.
1+(x+D

Now, M, T is *paranormal if and only i 23_26)( 502 0
(1+(2-%)7)" A+ (x+D)7)

Let T:R - R be defined byT(x) =1-x for all xOR . Thenfq(x) = =landT=T71.

Theorem 3.6

Let the composite multiplication operat®f, t DB(Lz(p)) .Then M, 1 is k-*paranormal if and only if

ufoEUfe) o T EwU,) o TXF —kCK U2 Ty TE(f) +(k-1)CX1 20 almost everywhere, for
all c=o0.

Proof:
SupposeM, 1 is k-*paranormal. Then
MT o MKt - kCkIMy Mot +(k-1Ckl 2 0forall c2o0.

This implies that
<(|v|Eku,T MKy =k CK My M T+ (k-2 CN)F | f > >0 forall f OL2(W)

Since M, 1(f)=CiM,(f)=ueT foT
MEuT f =ufgEF)oT L
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MT oML () = ufoE(ufg) o T- KD Euy) o T*F
and we have

Myt MOt =uo Ty o TEE(T)

j{ufOEE(ufo)oT‘(k‘l) [EQu) o TKF —kCK U2 o Ty o TE(F) + (k 1) CX I }du >0 foreveryEOY .
E
< ufgEUf) o T KD Eu ) o T —kCKTu2oTH o TE(F) +(k-1)CKI =0 almost everywhere,
forall C=o0.
Corollary 3.7
k 9 k
If the composition operatorCt is in B(L“(u)) then Cy is k-*paranormal if and only if
foE(fg) o T™KDf —kCk L g0 TE(F) +(k-1)CK1 = 0 almost everywhere, for att> 0.
Proof:

The proof is obtained from theorem 3.6 by puttingl.

Fahri Marevci and Muhib Lohaj [12] have proved thtite weighted composition operator is of class
(M, k)Doperator. In this manner we prove the compositdiptiction operator as below,

Theorem 3.8

Let the composite multiplication operat, DB(Lz(u)) andk21. ThenM T is of cIass(M,k)D
operator if and only if

UfgEUfo) o T DEWL) o T —2Cu o T < o TEE(f) + C? ufgEufy) o T« DEWU) - TKF 20
almost everywhere, for att > 0

Proof:

SupposeM , T is of clasgM, k)D operator. Then

)

MT o MKt -2C(MyrMun)*+C?MTyrM¥ T 20 forall c=0.

This implies that

<(Md(u,T MKyt -2C (MM T)K +02Md<u; M*uT)f ,f > >0 forall f OL? ()

since M 1(f)=CiMy(f)=uoT foT
MEuT f =ufgEF)oT L
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MT MK ()= ufoE(Ufy) o T KD Eu) o T*f
and we have

MyrMATf =u?e Ty o TEE(f)

j{ufo [E (ufg) o T- K DEUL) o THF —2Cu o THK o TEE(F) + C2ufo [E (ufg) o T- K DEU,) o T f}dp >0
E

foreveryEOy .

=

ufoE U)o T K VEWL) o TKf-2Cu o THK o TEE(F)+ C2ufyE (ufg) o T K VEU,) - TXf 20
almost everywhere, for att > 0.
Corollary 3.9

k k
If the composition operatdCt is inB(Lz(p)) andk =1, thenCt is of cIasiM,k)D operator if and
only if

foE(fg) o T ™ —2C K o TE(f) + C? o [E(fg) o T- KD > 0 almost everywhere, for att > 0
Proof:

The proof is obtained from theorem 3.8 by putting1.

Corollary 3.10

If the composite multiplication operatdn 1 is in B(Lz(p)) andk 21, thenM, 1 is of cIasiM,k)D

operator if and only if u*eT DTOZ o TE(f) < uzfo2 EﬂE(ufo))2 o T~ IZ(E(uk))2 oTKf almost
everywhere.

Proof:

Suppose M, T is of cIass(M,k)D operator on B(Lz(p)) and k=1 . Then by theorem 3.8,

ufoEUfe) e T VEW,) o TKf-2Cu o THK o TEE(f)+ C2ufy[E(ufg) o T K VEU,) - TXf 20
almost everywhere, foratt =0

We know that, by elementary properties of real gatid form, if a>0, b, ¢ are real numbers, then
at? +bt+c >0 for every real tif and only ib2 - 4ac< 0.

Hence we get,

ute T g2 o TIE(T) < U2 QEUT))? o T- K™D QE®U,))2 o T

almost everywhere.
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Corollary 3.11
K 2 0
If the composition operatoCt is inB(L“(u)) andk =1, then Ct is of clasgM,k)" operator if and
only if fo2oTIE(f) < fo? ME(f))2 o T Dt almost everywhere.
Proof:

The proof is obtained from corollary 3.10 by puftin=1.

4 k-quasi-*Paranormal Composite Multiplication Operator

IImi Hoxha and Naim L Braha [13] have proved theat, operatorA is k-quasi-*paranormal if and only if
2 .
AEF(Jr Ak+2—2CAd(AA Oak +C2AEF(Ak >0 for all C=0. In an analogous manner, we derive the

characterization of k-quasi-*paranormal compositétiplication operator or.? -spaces.
Theorem 4.1

Let the composite multiplication operatdr, 1 U B(Lz(u)) . ThenM , 1 is quasi-*paranormal if and only if

uszEE(uzfo)oT'1EE(u2fO)oT'2f—2Cu4oTEﬁoon[E(f)+Czu2f0f >0 almost everywhere, for all
C=0

Proof:

SupposeM |, 1 is quasi-*paranormal. Then

MPur M3y 7 -2C(MyrM51)2 +C?MATMy 7 20 forall czo0.

This implies that

<(M§U,T M3uT —2C (M MR T)? +C2MAT My 1)f L f > >0 forall f OL?(u)

Since M 1(f)=CiMy(f)=uoT foT
MEuT f =ufgEF)oT L

M=

uT M3uT(F) = U o EU%o) o T LEUg) o T2
and we have
Myt MOt =ue Ty o TEE()

MM of =u?fof

HuZfo EW2fe) s T E(U ) e T4 = 2Cu* o THo? o TIE(F) + C2u? o Jot > Ofor everye 0y
E

= UM [EUZfg) o TLEWU o) o T2 —2Cu* o TH? o TIE(f) + C2 U f 20
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almost everywhere, for alt > 0

Corollary 4.2

If the composite multiplication operatdn , 1 is in B(Lz(p)) then M 1 is quasi-*paranormal if and only

it U8 T o TIE(F) < Uy E(UZf) o T E(UZfg)o T™2f almost everywhere.
Proof:

SupposeM |, 1 is quasi-*paranormal is irB(Lz(p)) . Then by theorem 4.1,

uszEE(uzfo)oT'lEE(usz)oT'Zf—2Cu4oTEﬂ02<>T[E(f)+C2u2f0f =0 almost everywhere, for all
C=0

We know that, by elementary properties of real gatid form, if a>0, b, ¢ are real numbers, then
at? +bt+c >0 for every real tif and only ib? - 4ac< 0.

Hence we get,
Wo T o TE() < u*EUZg) o T LEWUHg) o T2
almost everywhere.

4.3 Example

dpT (%)
du(x)

Let T:R - R be defined byT(x) =1-x for all xOR .Thenfq(x) = =1landT=T71

Defineu:R -~ R asu(x)=2x forallxOR andE(f)=f.

Now, M, T is quasi-*paranormal if and only it8 (1—x)2 - (1—x)8 > 0.

Corollary 4.4

If the composition operato€t on B (Lz(p)) , thenCt is quasi-*paranormal if and only if
fot o TIE(f) < foE(fg)oT TE(fg)o T 2f.

Proof:

The proof is obtained from corollary 4.2 by putting 1.

Corollary 4.5

If the composition operatoCt on B (Lz(p)) , thenCy is quasi-*paranormal if and only if

foE(fo) o T XE(fg) o T2 - 2Cfy2 o TIE(f) + C2fof =0.

10
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Proof:
The proof is obtained from theorem 4.1 by puttingl.

Theorem 4.6

Let the composite multiplication operatdr, + [ B(Lz(p JJhenM , 1 is k-quasi-*paranormal if and only
if

ufgEUfo) o T™KD EUy,,) o T —2c um? o T 1y 2 o 77D
Eufo) o T E (E(uy)) o T + C?ufy Eufy) o T-K™D Eu )T ™ 20
almost everywhere, for alt > 0
Proof:

SupposeM |, 1 is k-quasi-*paranormal. Then

5)

+2
MI T M2, - 20 MEKU,TMUJ M TME T+ C2MT T MKy T 20 forall c20.

This implies that

)

+2
<(Md< uT MK T —2C Md‘u,TM wr MM T +C2ME T MR, f > >0 for all f OL2 ()

Since M, 1(f)=CyM (f)=ueT foT
MUt f =ufg E(F) Tt
2 - _
M2 M2 (1) = Ut (E(uTe) o T By ) e T2
M Ef(u,T MKuT(F)=ufgEUTe) o T-C™ By ) o TXF
M d(u,TM uTM Du,TM ku,Tf =umlo7 kD o [ﬂ02 o (kD
[E(ufo) o T [E (E(uy)) o T
and we have
M1 Mt =u?e T g o TOE(F)

M T M of =u?fof

ufoEUfo) o T-K IE(Uy,,) o T2 —2c um? o 776D gydy2 o T KD w0
E|  [Eufe)o T & E (Euy)) o T™F +CPufy E(ufy) o T Euy) o T

11
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foreveryeoy .

=

Ufo DE(UfO) o T_(k"'l) EE(uk+2) o T_(k+2)f -2C ulIle o T—(k—l) Eﬂo [ﬂOZ R T_(k_l)
[E(ufo) o TV E E(u)) o T™F +C?ufg [E(ufo) o T CE(U) o T™F 2 0

almost everywhere, for att > 0
Corollary 4.7

k 2
The composition operatorCy  on B(L“(n)) is k-quasi-*paranormal if and only if
foE(f) o TR —2C £ @2 o T E(fg) o T™K Dt + C2f (E(fy) o T- KD > 0almost everywhere.
Proof:
The proof is obtained from theorem 4.6 by putting1.

Corollary 4.8

k k
If the composition operatoCt on B (Lz(p)) then Ct is k-quasi-*paranormal if and only if

folM® o ™K E(fg) o T-KDf < 12 (E(fg) o T-K Vs
almost everywhere.

5 (k) -quasi-*Paranormal Composite Multiplication Operator

Qingping Zeng and Huaijie Zhong [1] have proved thatoperatorA is (n, k) - quasi-*paranormal if and
only if

AFAF AT AK (4 ycra®aaTak + nca®ak 50

for all C=0. In an analogous manner, we derive the charaateiz (0, k) - quasi-*paranormal composite

multiplication operator o2 -spaces.

Theorem 5.1

Let the composite multiplication operatdf, DB(LZ(u JhenM ,1is (n,K) - quasi-*paranormal if
and only if

u fo DE(U fo) o T_(k_l) EE(U mkfo) o T_k I:E(Ufo) ° -|——(n+k) I:E(un+1) ° T—(n+k+1)

—@+n)C"ufg EUfo) e TCD EEU)) e T * 2o Tk D o7 kD

+nCY*Muf EUfo) o TV Eu) - T X 20
almost everywhere, for att > 0.

12
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Proof:

SupposeM , tis (N, k) -quasi-*paranormal. Then

rk d+n
M u,T M u,T

C=0.

M u,Tl+n|VI u,Tk - (1+ n) CnM u,Td( M u,T'VI u,TD'VI u,Tk + nCl+nM U,Td(M U,Tk 20 for all

This implies that

+n
(M u,TE’(NI u,le M u,T:HnNI u,Tk - (1+ n)CnM u,Td( M u,T'VI u,TDNI u,Tk

20
ok

+nCH™™ 1T M ) F, f

for all f OL2 ()

Since  My1(f)=CiMy(f)=ueT foT

MEuT f =ufg E(F)oT L

MurEM P My M 16 = ufo TE(ufo) o T CE(ulinfo) o TX

[Eufo) o T M0 E(u,,q) o T kD¢

Mo MMy s I 1 = ufg (E(uto) o T~ EE(u)) o T™
w2 T 6D o7k D

and we have
MF o MKaT(f) = ufoEufg) o TV E(y) o TS
MytMATf =u?e Ty o TEE(F)

M1 My of =u?fof
ufo [E(ufo) o T-™ [EULfo) o T™ EE(UTQ) o T [E(upq) o T~
- @+n)Cufy E(ut) e T* D EEEU)) o T 2o T E D doo T 6D Lduz0
0 0 Kk 0
E
+ nC1+nu fo EE(U fo) o T_(k_]‘) EE(Uk) ° T_k

foreveryedy .
ufo IEUfo) o T-K™D Eufo) o TK TEUTQ) o T-MH) [E(uy,4g) o T
~ @+ n)Cufy (E(ufo) e T"C D EEUL)) e TH 2o T *K D o 77D
+nCHMufo [EUfo) o T (E(U) o T™* 20

13
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almost everywhere, for alt > 0

Corollary 5.2

(n.k) 2 (k)
If the composition operatoCt on B(L“(u)) , thenCt is (n, k) -quasi-*paranormal if and only if

fo EE(fo) o T [E(fg) o T™ [E(fg) o T™K) — (L4 n) C" o [E(fg) o T o Tk
+nCYN £ [E(fo) o T kD5
almost everywhere, for att > 0.

Proof:

The proof is obtained from theorem 5.1 by puttingl.
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