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Abstract
The geometric error measurement of computer numerical control (CNC) machine tools is
developing towards automation and high precision. This not only improves the measurement
efficiency, but also reduces the error caused by the long measurement time. This paper proposes
a high-efficiency, automatic method of measuring 21 geometric errors of the three linear axes of
CNC machine tools and establishes a comprehensive measurement model. The measurement
system and model are applicable to linear axis geometric error measurement for all CNC
machine tools. The measurement model was developed using rigid body kinematics theory and
combined with the ray-tracing method. It mainly analyses the error crosstalk, system errors
caused by optical components, laser beam drift, and non-parallelism errors between the
measuring beams. ZEMAX was used to verify the model accuracy. Further, repeatability and
comparison experiments were conducted to confirm the reliability and accuracy of the
measurement system and model.

Keywords: geometric error, computer numerical control machine tool, linear axis,
measurement model

(Some figures may appear in colour only in the online journal)

Abbreviations

BS beam splitter
CCR corner cube retroreflector
CNC computer numerical control
D detector
DOF degree of freedom
HTM homogeneous coordinate transformation matrix
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HWP half-wave plate

P polarizer

PBS polarized beam splitter

PSD position-sensitive detector
QD quadrant detector

QWP quarter-wave plate

RAP right angle prism
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1. Introduction

The rapid development of the manufacturing industry and
improvement in processing level have imposed increasingly
high requirements on the processing accuracy of CNC
machine tools. At present, the main method of improving the
accuracy of CNC machine tools is error compensation [1–4].
As a prerequisite for error compensation, the geometric error
measurement of CNC machine tools is developing toward
automation and high precision. This not only improves the
measurement efficiency, but also reduces the error caused by
the long measurement time. Therefore, many scholars around
the world have carried out extensive and in-depth research on
the measurement of geometric error of CNC machine tools.

According to the definition in ISO230-1, the linear guide
has 6DOF geometric errors. Three-axis CNC machine tools
have 21 geometric errors. Whereas five-axis CNC machine
tools have 42 geometric errors in total, of which 21 are from
the three linear axes. In addition, according to the research of
Mayer et al [5], the kinematic error of the linear axis is the
result of the combined effect of various geometric errors of
the guide rail on which the slider moves at the same time. In
the process of geometric error measurement, the measurement
result is usually cross talked by other geometric errors, so the
measurement result is not purely geometric error but motion
error. The measurement result is geometric error or motion
error usually depends on the measurement method.

The measurement method of linear axis geometric error
mainly includes direct and indirect measurement method.
Indirect measurement method includes the use of workpiece
tests [6, 7], R-tests [8, 9], 3D laser ball bars [10], and laser
trackers [11–14]. Some scholars obtain the individual geo-
metric errors by decoupling after measuring the volumetric
errors based on the principle of laser interference [15]. Indir-
ect measurement methods usually do not directly obtain vari-
ous geometric errors. The single geometric error needs to be
decoupled through the kinematic error model. Laser inter-
ferometry is a typical direct measurement method [16–18].
The direct measurement method usually directly measures
each individual geometric error according to the definition.
ISO230-1 recommends using a laser interferometer tomeasure
the multi-degree-of-freedom geometric errors of a linear axis.
However, efficiency is a key issue for measuring 21 geomet-
ric errors of three linear axes based on the principle of inter-
ference. Moreover, the measurement accuracy is extremely
susceptible to long-term environmental changes, reducing the
overall accuracy. To improve the measurement efficiency,
various methods of simultaneously measuring the 6DOF geo-
metric errors of the linear axes of machine tools have been
extensively studied, including methods based on the combina-
tion of laser interferometry and laser collimation [19–21], laser
collimation [22, 23], surface encoders [24, 25], and diffraction
gratings [26–28]. In addition, some commercial instruments
have been developed, including API 5D/6D measuring instru-
ment and Renishaw laser 6D simultaneous measurement sys-
tem. Both JEANer Meßtechnik GmbH and Zygo proposed a

multi-axis laser interferometer system that can simultaneously
measure the partial geometric errors of multi linear axes. In
these methods, it is necessary to re-install and re-adjust the
instruments, and some errors cannot be measured.

To achieve quick and accurate measurement of the geo-
metric errors of the linear axes of CNC machine tools, our
research team proposed a series of measurement systems to
direct measure simultaneously the 6DOF geometric error of a
single linear axis [29–32]. A novel method for automatically
measuring 21 geometric errors of the three linear axes of CNC
machine tools with one-step installation was proposed, and a
corresponding measurement system was developed [33, 34].
Furthermore, the differences between the two measurement
modes were analyzed [35]. However, the measurement system
is complicated owing to the addition of a beam-steering unit.
Further, it is necessary to analyze the influence of systemic
errors on the measurement accuracy. Owing to the diversity of
CNC machine tool types, the measurement system and model
do not have universal adaptability. Therefore, this paper pro-
poses simple beam-controlling and target units. In addition,
it establishes a comprehensive measurement model based on
rigid body kinematics theory and the ray tracing method. The
measurement system and comprehensive measurement model
have universal applicability to the linear axis geometric errors
measurement of all types of CNC machine tools.

In summary, based on the previously proposed linear axis
6DOF geometric error measurement system, we designed and
developed new beam-controlling and target units that can auto-
matically measure 21 geometric errors of three linear axes.
Section 2 describes the principle and configuration of the
measurement system. Section 3 establishes a comprehensive
measurement model. Themodel mainly analyses the crosstalk,
manufacturing, installation errors of the optical components
and non-parallelism errors between two measuring beams.
ZEMAX software was used to simulate some key measure-
ment models numerically in section 4. Section 5 presents
the repeatability, comparison experiments and the measure-
ment of 21 geometric errors of three-axis CNC machine tools
using the proposed system. Finally, section 6 provides the
conclusions.

2. Measurement principles and measurement
system configuration

This section mainly introduces the measurement principle and
system configuration of the system. In section 2.1, the Y-axis
measurement is taken as an example to describe in detail the
propagation of the measurement beam in the measurement
unit, the beam control unit and the target unit, and explain the
measurement principle. In section 2.2, the components of the
measurement system are introduced in detail. Combined with
the machine tool, the measurement procedures of 21 geomet-
ric errors of three linear axes are described separately. In the
last part, the pre-adjustment method of the beam control unit
is introduced.
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Figure 1. Optical configuration for all geometric errors of the
Y-axis.

2.1. Principle of linear axis 6DOF geometric error
measurement

Figure 1 shows the optical configuration used to measure the
total geometric errors of the Y-axis. The 6DOF error-sensitive
unit is composed of two CCRs and BS film. The linearly polar-
ized light generated by the dual-frequency laser is coupled to
the polarization maintaining fiber as the light source of the
measurement system.

The collimated beam after the collimator is divided into two
measuring beams by PBS1 and BS2. One is reflected by BS6
andCCR3 after being reflected byRAP1. The other is reflected
by RAP1 and then reflected by CCR4. The two measuring
beams return to the measurement unit after reflection, and irra-
diate different detectors after being split. The positioning error
is measured based on the principle of heterodyne interfero-
metry, and calculated with the signals of the detectors D1 and
D2. The straightness error is measured based on the principle
of collimation, and obtained from the signal of the detector
QD1. Pitch and yaw are measured based on the principle of
autocollimation, and obtained from the signal of the detector
PSD1. Roll is calculated based on the vertical variation of the
light spot on the detectors QD1 andQD2. The angle drift of the
measuring beam is calculated with the signal of PSD2 to com-
pensate the influence on the measurement accuracy. Ideally,
the measurement model of the 6DOF geometric errors of the
Y-axis can be expressed as [30]

δyy =
λ∆ϕ

4nπ
−L ′

δxy =
∆YQD1

2
±L

∆YPSD2
f

δxy =
∆YQD1

2
±L

∆YPSD2
f

εzy =
∆YPSD1

2f
± ∆YPSD2

f

εxy =
∆ZPSD1

2f
± ∆YPSD2

f

εyy =
∆ZQD2 −∆ZQD1

2h
. (1)

Here, λ is the wavelength; ∆ϕ is the phase difference
between the measured and reference beams; L ′ is the dis-
placement of the Y-axis;∆YQD1 and∆ZQD1 are the horizontal
and vertical displacement changes of the spot on detector
QD1, respectively;∆YPSD1 and∆ZPSD1 are the horizontal and
vertical displacement changes of the spot on detector PSD1,
respectively; f is the focal length of lens L1 and L2; ∆ZQD2 is
the vertical displacement change of the spot on detector QD2;
and h is the distance between the two measuring beams. In
addition, without considering the system error and measure-
ment mode, the measurement models of the X- and Z-axes are
the same as that of the Y-axis.

2.2. Measurement system configuration

Figure 2 shows the system configuration for measuring all
geometric errors of three linear axes. The measurement sys-
tem consists of a laser source and fiber coupled unit, measure-
ment unit, target unit, beam controlling unit and linear transla-
tion stage. The measurement unit and linear translation stage
are fixed on the Invar base plate, and the beam controlling
unit is connected to the linear translation stage through an
angle adjustment mechanism. A target unit that is sensitive
to 18 geometric errors of the three linear axes is fixed on a
spindle. Target unit mainly includes three mutually perpendic-
ular 6DOF error-sensitive units, which correspond to measur-
ing the 6DOF geometric errors of the X-, Y-, and Z-axes. The
beam controlling unit consists of two RAPs and an optical flat
crystal.

Based on the principle of simultaneous measurement of
6DOF geometric errors of the linear axes, one-step installation
and automatic measurement of 21 geometric errors of the three
linear axes of CNC machine tools can be achieved by adding
a beam controlling unit. Firstly, the beam controlling unit is
moved out of the optical path. Then, the angle of the measure-
ment unit is adjusted to make the measurement beam parallel
to the X-axis. The target unit is adjusted such that the meas-
urement beam returns to the center of the detector. Figure 3(a)
shows the measurement process of the X-axis geometric error.
Secondly, right angle prisms RAP1 and RAP2 are moved into
the optical path completely, and the measurement beams are
parallel to the Y- and Z-axes, respectively, after being turned.
Figures 3(b) and (c) shows the measurement process of the
Y- and Z-axis 6DOF geometric errors, respectively. The meas-
urement can be conducted point by point, and the 6DOF geo-
metric errors of all measuring points on the three linear axes
can be obtained. Based on the straightness error of everymeas-
urement point on the X-, Y-, and Z-axes, three fitting axes were
obtained. Finally, the squareness error of each pair of axes was
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Figure 2. System configuration.

calculated based on these fitting lines. Ultimately, 21 geomet-
ric errors of the three linear axes of the machine tool were
obtained.

In addition, in order to achieve precise 90◦ control of the
beam, the angle adjustment mechanism can be adjusted so
that the incident beam is perpendicular to the incident surface
of the RAP. Figure 4 shows the adjustment principle of the
beam control unit. By adjusting the angle adjustment mech-
anism under the beam control unit, the angle measuring beam
is returned to the center of the detector PSD1. At this time,
the measuring beam is perpendicular to the beam control unit.
The reflected beam of the RAP is perpendicular to the incid-
ent beam. The 90◦ included angle is used as a reference for
squareness error measurement.

3. Measurement model for geometric errors

The 6DOF geometric errors of each linear axis and plus the
three squareness errors between the three linear axes yields
a total of 21 motion errors for a three-axis CNC machine
tool, as listed in table 1. The geometric error of the CNC
machine tools is expressed as the motion error δuv along the
coordinate axis and rotation angle error εuv around the coordin-
ate axis. The first subscript indicates the error direction, and
the second subscript indicates the axis to be measured. The
positioning error of the linear axis is measured by a dual-
frequency laser interferometer; this measurement model is not
discussed here. Other geometric error measurement models
were established in this study based on the rigid body kinemat-
ics theory and ray tracing method. This section introduces the
method of establishing the measurement model and presents
the final model. The measurement model was applied to pro-
cess raw system data. The measurement system and compre-
hensive measurement model can be used to measure the geo-
metric errors of the linear axes of all types of CNC machine
tools.

3.1. Method of establishing the measurement model

A comprehensive measurement model was established using
standard homogeneous coordinate transformation, combined
with the closed-loop characteristics of the connection chain
between themeasurement and target units. Consider the Y-axis
6DOF geometric error measurement of the XYTZ-type CNC
machine tool as an example. As shown in figure 5, a refer-
ence coordinate system R was established on the pedestal of
the machine tool, and local coordinate systems on the X-, Y-,
and Z-axes; spindle; measurement unit; RAP; Invar base plate;
and CCRwere also established. The directions of the local and
reference coordinate systems were the same.

The transformation matrix between each coordinate system
was established according to the principle of homogeneous
coordinate transformation. The elements in the HTM repres-
ent some of the systematic or geometric errors. The Invar sub-
strate and measurement unit are rigidly connected, and there
is no relative angular or position change, so HTM M

RMAT is the
identity matrix. The RAP is connected to the Invar substrate
through a linear guide, so the position and angular will change.
Therefore, HTM RMA

A T from the Invar substrate coordinate sys-
tem RMA to the RAP coordinate system A includes the position
and angular errors of the RAP. RMAA T can be expressed as:

RMA
A T=


1 −εyir εxir δxir
εyir 1 −εzir δyir
−εxir εzir 1 δzir
0 0 0 1

 . (2)

εxir, εyir, and εzir are the angular errors of the RAP, and δxir,
δyir, and δzir are its position errors.

Because there is no relative movement between the Invar
substrate and X-axis, the HTM from the Invar substrate
coordinate system RMA to the X-axis coordinate system is the
identity matrix. Similarly, HTM X

YT from the X-axis coordin-
ate system to the Y-axis coordinate system is the identity
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Figure 3. Measurement process. (a) X-axis measurement process; (b) Y-axis measurement process; (c) Z-axis measurement process.

matrix. When performing the Y-axis measurement, HTM Y
RT

between the Y-axis coordinate system and machine reference
coordinate system R contains the 6DOF geometric errors of
the Y-axis. The HTM can be expressed as

Y
RT=


1 −εyy εxy δxy
εyy 1 −εzy L+ δyy
−εxy εzy 1 δzy
0 0 0 1

 . (3)

Similarly, there is no relative movement between the ped-
estal and Z-axis, Z-axis and spindle; thus, HTM R

ZT and Z
ST are

both identity matrices. The measuring unit, RAP, and Invar
base plate were integrated as a whole. Taking this whole as

a reference, the installation error of the measurement system
was superimposed on the CCR. Owing to the installation error
between the CCR and spindle, HTM S

CT can be expressed as

S
CT=


1 −εyic εxic δxic
εyic 1 −εzic δyic
−εxic εzic 1 δzic
0 0 0 1

 . (4)

δxic, δyic, and δzic represent the installation position errors of
the CCR, and εxic, εyic, and εzic represent its installation angle
errors.
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Figure 4. The adjustment principle of the beam-controlling unit.

Table 1. 21 geometric errors of three-axis CNC machine tools.

Geometric error X-axis Y-axis Z-axis

Position error δxx δyy δzz
Horizontal straightness δyx δxy δyz
Vertical straightness δzx δzy δxz
Yaw εzx εzy εxz
Pitch εyx εxy εyz
Roll εxx εyy εzz
Squareness error Sxy, Sxz, Syz

Figure 5. Establishment of the integrated coordinate system of the
machine tool and measurement system.

The measurement beam expression in the measurement
unit coordinate system was established. Taking one measure-
ment beam as the reference, two non-parallelism errors, εPEz
and εPEy, were introduced into the expression of the second
measurement beam. From the measurement unit to the RAP
coordinate system, HTM M

A T= M
RMAT ·

RMA
A T could be used to

obtain the expression of the measurement beams in the RAP
coordinate system. The transmission and reflective surfaces
of the RAP were regarded as space planes. The key inform-
ation was the normal vector and expression of the plane.

This information includes manufacturing errors. εzmrs1, εymrs1,
εzmrs2, and εymrs2 are the manufacturing errors between the two
right-angled planes (S1 and S2) and reflective plane (S3), as
shown in figure 6(a). The measurement beam was regarded as
a straight line in space, and the key information was the direc-
tion vector and expression of the straight line. The intersection
point coordinates could be obtained by combining the expres-
sions of the plane and straight lines. By combining the direc-
tion vector of the straight line with the refraction or reflection
matrix of each plane [31], the direction vector of the refrac-
ted or reflected beams could be determined. Finally, the space
expression of the point normal of the beamwas obtained. After
the beams were refracted and reflected by the RAP, they were
turned 90◦. Then, through the transmission chain model, the
measurement beam expression was converted from the RAP
coordinate system to the CCR coordinate system, and parti-
cipates in the CCR calculation.

Regarding the transmission surface of the CCR as a space
plane, the key information is the normal vector and expression
of the plane. Regarding the measurement beam as a straight
line in space, the key information is the direction vector and
expression of the straight line. By using the point-normal
equation of the plane and point-direction equation of the line,
the coordinates of the intersection point were calculated. The
direction vectors of the refracted and reflected beams were
determined by combining the direction vector of the straight
line with the refraction and radiation matrices of each plane.
Finally, the space expression of the point normal of the beam
was obtained, and the expression for the beam reflected from
the CCR was calculated. Ideally, the three reflecting surfaces
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Figure 6. Modeling of (a) right angle prism and (b) CCR.

of a CCR are perpendicular to each other. However, owing to
manufacturing errors, there are angular errors between these
surfaces. Consequently, the incident and reflected beams are
not parallel. As shown in figure 6(b), the intersection of the
incident and outgoing beams with a transmission surface is
asymmetric with respect to the vertex of the CCR. In the meas-
urement model, the manufacturing error of the CCR is con-
verted into the angular and displacement error between the
outgoing beam and the incident beam. The angular and dis-
placement errors were added to the direction vector and point
coordinates of the outgoing beam, respectively. Finally, the
reflected beam of the CCR carrying various system errors
and geometric errors was obtained in the CCR coordinate
system.

Convert the CCR reflected beam expression from the CCR
coordinate system to the RAP coordinate system. Then, based
on the ray tracing method, the reflected beam expression of
RAP can be obtained. Finally, transform the RAP reflec-
ted beam expression from the RAP coordinate system to the
measurement unit coordinate system. The coordinates of the
spot on the detector are obtained by combining the expression

of the return beam and the expression of the detector sur-
face. The horizontal and vertical coordinates of the intersec-
tion are the final measurement model. Using the same mod-
eling method, an angle error measurement model could be
obtained.

To improve the adaptability of measurement system and
model, the same method was used to establish comprehensive
measurement models for other types of CNC machine tools.
The analysis showed that there are two different measurement
modes in the measurement process because of the different
types of machine tools [33]. In general, the default measure-
ment mode occurs when the target unit moves with the work
table. There is also a measurement mode in which the tar-
get unit is fixed and the other parts move. When measuring
the geometric error of the linear axis of CNC machine tool,
it is only necessary to select the corresponding measurement
model according to the measurement mode without consider-
ing the type of the machine tool. Therefore, the adaptability
of the measurement system and comprehensive measurement
model could be improved.

3.2. Measurement model

Firstly, a comprehensive measurement model was established
based on the above method. Secondly, MATLAB was used to
perform the correlationmatrix product operations and simplify
the measurement model. The number of higher orders was
ignored in the model. Finally, measurement models of the X-,
Y-, and Z-axes were obtained. Because there are two measure-
ment modes in the machine tool measurement process, i= 1
was used to indicate the measurement mode with the target
unit moving, and i= 2 was used to indicate the measurement
mode with the target unit fixed and the other parts moving.

3.2.1. X-axis measurement model. Equation (5) shows
the X-axis 5DOF geometric errors measurement model:

δyx = (−1)i−1

∆YQD1
2

−
δymc1
2

+
εzmc1
2

L− δyic+
(εzic+ εzx)

(
6LD+

√
6a
)

6n
+(i− 1)(εzxL)

±L
∆YPSD2

f

δzx = (−1)i−1

∆ZQD1
2

− δzmc1
2

−
εymc1
2

L− δzic−
(εyic+ εyx)

(
6LD+

√
6a
)

6n
− (i− 1)(εyxL)

±L
∆ZPSD2

f

εzx = (−1)2−i
(
∆YPSD1

2f
+ εzic−

1
2
εPEz

)
± ∆YPSD2

f

εyx = (−1)i−1
(
∆ZPSD1

2f
− εyic+

1
2
εPEy

)
± ∆ZPSD2

f

εxx = (−1)i−1
∆ZQD1 −∆ZQD2 + 2εPEy

(
L+ 6LD+

√
6a

6n

)
+ δzmc2 − δzmc1 +L(εymc2 − εymc1)

2h
. (5)

7



Meas. Sci. Technol. 33 (2022) 015202 P Jia et al

In the above measurement model, δymc1 and δzmc1 represent
the position errors of the beam in the horizontal and vertical
directions, respectively, caused by the manufacturing errors of
CCR1. εzmc1 and εymc1 represent the two non-parallel errors
between the incident and retroreflected beams caused by the
manufacturing errors of CCR1. δzmc2 and εymc2 are the position
error of the beam in the vertical direction caused by the manu-
facturing error of CCR2 and the angle error between the incid-
ent and retroreflected beams. a is the side length of the equilat-
eral triangle that forms the base of the CCR. δyic and δzic repres-
ent the installation position errors of the CCR, and εzic and εyic
represent the installation angle errors of the CCR. εPEz and εPEy
are the non-parallelism errors between the two measurement

beams. h is the distance between the two measurement beams.
LD is the thickness of the glass plate. The term

√
6a/6n comes

from the corner cube reflector, which contains size informa-
tion a and refractive index n. The incident surface of the corner
cube reflector is regarded as an equilateral triangle. a is the side
length of an equilateral triangle.

3.2.2. Y-axis measurement model. Equation (6) shows the
Y-axis 5DOF geometric errors measurement model. Because
the beam controlling unit is added, the manufacturing errors
of the RAP and the influence of the installation errors of the
RAP on the measurement system are reflected in the model:

δxy = (−1)i−1

∆YQD1
2

−
εzy

(
6LD+

√
6a
)

6n
− (i− 1)εzy

(
L+

b
2

)
− εzmc3 (b+ nL)

2n
−

εzic

(
6LD+

√
6a
)

6n

±L
∆YPSD2

f

+(−1)i−1

(
−εzir

(
2L+

b
n
+
b
2
+

6LD+
√
6a

3n

)
+ δxir− δyir− bεzmrs1

(
1
n
− 1

)
− δxmc3

2
− δxic

)

+(−1)i−1

(
−(εzmrs1 + εzmrs2)

(
L(1− n)+

(
LD+

√
6
6
a

)(
1
n
− 1

)))

δzy = (−1)i−1

∆ZQD1
2

+
εxy

(
6LD+

√
6a
)

6n
+(i− 1)εxy

(
L+

b
2

)
+

εxmc3 (nL+ b)
2n

+
εxic

(
6LD+

√
6a
)

6n

±L
∆ZPSD2

f

+(−1)i−1

(
εyir

b
n
+(εxir+ εyir)

(
b
2
+

6LD+
√
6a

6n
+L

)
+ bεymrs1

(
1
n
− 1

)
− δzmc3

2
− δzic

)

+(−1)i−1
(εymrs1 + εxmrs2)

(
L(1− n)+

(
LD+

√
6
6
a

)(
1
n
− 1

))

εzy = (−1)i−1
(
∆YPSD1

2f
− εzic−

1
2
εPEz+ 2εzir− (n− 1)(εzmrs1 + εzmrs2)

)
± ∆YPSD2

f

εxy = (−1)2−i
(
∆ZPSD1

2f
+ εxic+

1
2
εPEy− εxir− εyir+(n− 1)(εymrs1 + εxmrs2)

)
± ∆ZPSD2

f

εyy = (−1)i−1
∆ZQD1 −∆ZQD2 + 2εPEy

(
L+ b+LD

n +
√
6a
6n

)
− δzmc3 + δzmc4 +(εxmc3 − εxmc4)

(
L+ b

n

)
2h

. (6)

In the above measurement model, δxmc3 and δzmc3 repres-
ent the position errors of the beam in the horizontal and ver-
tical directions, respectively, caused by the manufacturing
errors of CCR3. εzmc3 and εxmc3 represent the two non-parallel
errors between the incident and reflected beams caused by the
manufacturing errors of CCR3. δzmc4 and εxmc4 are the posi-
tion errors of the light in the vertical direction caused by the
manufacturing errors of CCR4 and the angle errors between

the incident and reflected beams. b is the side length of the
RAP.

3.2.3. Z-axis measurement model. Equation (7) shows the
Z-axis 5DOF geometric errors measurement model. During
Z-axis measurement, the beam is not influenced by refraction.
Therefore, it is not necessary to consider the manufacturing
errors of the RAP:

8
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δyz = (−1)i−1

∆YQD1
2

−
(εxz+ εxic)

(
6LD+

√
6a
)

6n
− (i− 1)εxz

(
L+

b
2

)
−

δymc5
2

− δyic


+(−1)i−1

(
− (b+L)εxmc5

2
− (εxir+ εzir)

(
L+

b
2
+

6LD+
√
6a

6n

))
±L

∆YPSD2
f

δxz = (−1)i−1

∆ZQD1
2

+
(εyz+ εyic)

(
6LD+

√
6a
)

6n
+(i− 1)εyz

(
L+

b
2

)
− δxmc5

2
− δxic


+(−1)i−1

(
(b+L)εymc5

2
+ δxir− δzir+ 2εyir

(
L+

3b
4

− 6LD+
√
6a

6n

))
±L

∆ZPSD2
f

εxz = (−1)i−1
(
∆YPSD1

2f
− εxic−

1
2
εPEz+ εxir+ εzir

)
± ∆YPSD2

f

εyz = (−1)2−i
(
∆ZPSD1

2f
+ εyic+

1
2
εPEy− 2εyir

)
± ∆ZPSD2

f

εzz = (−1)i−1
∆ZQD1 −∆ZQD2 − 2εPEy

(
b+L+ 6LD+

√
6a

6n

)
+ δxmc6 − δxmc5 − (b+L)(εymc6 − εymc5)

2h
. (7)

δymc5 and δxmc5 represent the position errors of the beam in
the horizontal and vertical directions, respectively, owing to
the manufacturing errors of CCR5. εxmc5 and εymc5 represent
the two non-parallel errors between the incident and reflected
beams caused by themanufacturing errors of CCR5. Similarly,
δxmc6 and εymc6 represent the manufacturing errors of CCR6.

In summary, three linear axis geometric error comprehens-
ive measurement models were established based on rigid body
kinematics theory and the ray tracing method combined with
the assumption of small angle error. The various types of sys-
tematic errors, including the manufacturing and installation
errors of the CCR and RAP, error crosstalk, beam drift, non-
parallelism errors between the two measured beams, and dif-
ference between the two measurement modes are reflected
in the models. Among them, the measurement and compens-
ation of beam drift have been deeply studied in the previ-
ous work [36]. By employing the proposed system to meas-
ure CNC machine tools and using the comprehensive meas-
urement model to process raw data, high-precision geomet-
ric error evaluation results can be obtained. According to the
expression form of the systematic error, the systematic error
can be divided into three categories. The first category is the
constant term systematic error. The second type is linear sys-
tem error. The third type is the function item system error. In
the process of data processing, the systematic error of the con-
stant term can be eliminated by setting the initial measurement
value to zero. The linear systematic error can be removed by
the least square method or the least inclusion method. Finally,
it is necessary to accurately measure the systematic error of the

function term in order to eliminate each error. For example, the
crosstalk of angular error to straightness error.

4. Numerical simulation with ZEMAX

The optical design software ZEMAX was used to verify the
correctness of the measurement model. Owing to the space
limitations, this section focuses on the numerical simulation of
the position and manufacturing errors of the RAP. Other error
terms in the measurement model, such as the manufacturing
error and installation error of the CCR, have been verified pre-
viously [31]. As shown in figures 7(a) and (b), an ideal RAP
was built with the incident beam parallel to the measurement
axis. As illustrated in figure 7(c), footprint analysis was used
to obtain the spot location and simulate four-quadrant detector
QD in the actual system.

4.1. Analysis of angular error of RAP

In the numerical simulation process, the angular error of the
RAP was set to 3.6′′, the measuring distance L of the Y- and
Z-axes varied from 0 to 800 mm, and the interval was 50 mm.
Accordingly, the light spot deviated from its initial position on
the footprint. Figure 8 shows the influence of the angular error
of the RAP around the Z-axis on the Y measurement.

According to the Y- and Z-axis measurement models, the
angular errors εxir, εyir, and εzir of the RAP and the dis-
tance L together cause a systematic error. This systematic
error is composed of a constant term error and a linear error.

9
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Figure 7. Measurement model simulation based on ZEMAX. (a) Ideal Y-axis measurement models; (b) ideal Z-axis measurement models;
(c) spot position obtained by footprint analysis.

Figure 8. Simulation in the presence of 3.6′′ yaw installation error.

Usually, a constant system error can be eliminated by data pro-
cessing. However, the linear system error affects not only the
measurement range of the system, but also the measurement

accuracy. Therefore, this section mainly analyzes the linear
system errors caused by the angular errors of the RAP and
the measured distance L. Equations (8) and (9) describe the

10
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Figure 9. Comparison of the ZEMAX simulation and model calculation results.

effects of the linear system error term on the measurement of
the straightness errors of the Y- and Z-axes, respectively:

∆YQD1 = 4εzirL

∆ZQD1 =−2(εxir+ εyir)L (8)

∆YQD1 = 2(εxir+ εzir)L

∆ZQD1 =−4εyirL. (9)

Figure 9 compares the ZEMAX simulation and model cal-
culation results. To make the graph visible, the green line is
offset by 10µm from the actual value. These two sets of results
are consistent. Through the simulation of the Y- and Z-axes,
it can be seen that the yaw affects the horizontal straightness
error of the Y-axis and the straightness error of the Z-axis in
the Y-axis direction. The pitch affects the vertical straightness
error of the Y-axis and the straightness error of the Z-axis in
the Y-axis direction. Roll affects the vertical straightness error
of the Y-axis and the straightness error of the Z-axis in the
X-axis direction. The deviation between the simulation and
model calculation results may be due to the fact that high-order
systemic error was ignored in the measurement model.

4.2. Analysis of manufacturing error of RAP

In the numerical simulation process, the measuring distance
L was 800 mm, and the interval was 50 mm. It was assumed
that both manufacturing errors, εzmrs1 and εymrs1, between the
reflective surface and right-angled surface of the RAP were
10.8′′. Figure 10 shows the displacement of the spot on the
footprint caused by the manufacturing error of the RAP.

According to the measurement model, the influence of
manufacturing errors on straightness varies with the measure-
ment distance L. The measurement model can be simplified as
follows:

YQD1 = 2L(1− n)εzmrs1
ZQD1 =−2L(1− n)εymrs1. (10)

Figure 11 compares the ZEMAX simulation andmodel cal-
culation results. The green line is offset by 10 µm from the
actual value to make the graph visible. These two sets of res-
ults are consistent and prove the validity of the measurement
model.
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Figure 10. Displacement of the light spot on the footprint caused by RAP manufacturing errors. (a) εzmrs1 influence on horizontal
straightness of the Y-axis. (b) εymrs1 influence on vertical straightness of the Y-axis.

Figure 11. Comparison between model calculation and ZEMAX simulation results. (a) εzmrs1 influence on horizontal straightness of the
Y-axis. (b) εymrs1 influence on vertical straightness of the Y-axis.

Figure 12. Repeatability and comparison experiments. (a) 6DOF geometric errors measurement; (b) squareness error measurement.
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Figure 13. Results of repetitive and comparative experiments. (a) Positioning error; (b) pitch; (c) straightness error (X); (d) Yaw;
(e) straightness error (Y); (f) roll; (g) squareness error measurement results of the proposed system; (h) squareness error measurement
results of the Renishaw XL-80 measurement results.
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Table 2. Repeatability and comparative experiment results obtained for the measurement system.

Parameter Repeatability error—6DOF
Repeatability error—
standard instrument

Maximum comparison
deviation

Positioning error (nm) ±50 ±30 70
Horizontal straightness error (µm) ±0.10 ±0.07 0.23
Vertical straightness error (µm) ±0.81 ±0.12 0.56
Pitch (′′) ±0.35 ±0.14 0.38
Yaw (′′) ±0.24 ±0.19 0.24
Roll (′′) ±0.17 ±0.23 0.69
Squareness error (′′) ±0.29 ±0.25 0.86

Figure 14. Three linear axis automatic measurement experiment. (a) X-, (b) Y- and (c) Z-axis measurement.

5. Experimental results and analysis

Experiments were conducted to verify the correctness of
the comprehensive measurement model and the feasibility
of the automatic system for three-linear-axis geometric error
measurement.

5.1. Repeatability and comparison experiments

Figure 12 shows the 6DOF geometric errors measurement
experiment of the air bearing linear guide and the squareness
error measurement experiment between the X- and Z-axis of a
CNC machine tool based on the proposed system. The exper-
iment was repeated three times. The proposed measurement
model was used to process the measurement data. Renishaw’s
XL-80 laser interferometer was utilized for the linear error,
yaw, pitch and squareness error comparison. Outpost’s elec-
tronic level was employed to compare the roll.

The repeatability of the three measurements was calcu-
lated using the formula (max − min)/2. The average value
was compared with the measurement result obtained using
the standard instrument, and contrast deviation was achieved.
Figure 13 and table 2 respectively present the repeatability and
comparison results. The results demonstrate that the system
has high repeatability and measurement accuracy. The main
cause of system repeatability errors are random errors, while
the main cause of residual errors is the inconsistency of the
measurement point between the measurement system and the
standard instrument.

5.2. Automatic measurement of geometric errors of
three-axis CNC machine tools

As shown in figure 14, in the actual processing environment,
the measurement system was used to measure 21 geometric
errors of the XYTZ-type three-axis CNC machine tool. The
measurement and beam controlling units were fixed on the
working platform of the machine tool through the Invar base
plate. The target unit was fitted to the spindle. As shown in
figure 14(a), when measuring the 6DOF geometric errors of
the X-axis, the target unit was stationary, and the measure-
ment and beam controlling units follow the X movement. As
depicted in figure 14(b), tomeasure the 6DOF geometric errors
of the Y axis, the linear translation stage was driven to add
RAP1 to the optical path. The measurement unit and beam
controlling unit moved along the Y-axis, and the target unit
was stationary. As shown in figure 14(c), when measuring
the 6DOF geometric errors of the Z-axis, the linear transla-
tion stage was driven to add RAP2 to the optical path. The
measurement and beam-controlling units were stationary, and
the target unit moved along the Z-axis. The test was repeated
thrice under the same conditions. The comprehensive meas-
urement model proposed in this study is used to process raw
data. Figures 15–18 present the test results.

Table 3 shows the repeatability of the three measurements.
The squareness error between the X- and Y-axes was −5.0′′,
the squareness error between the X- and Z-axes was −6.7′′,
and the squareness error between the Y- and Z-axes was
−31.1′′. The above measurement results truly reflect the per-
formance of CNC machine tools.
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Figure 15. X-axis 6DOF geometric errors of a three-axis CNC machine tool. (a) Positioning error; (b) yaw; (c) horizontal straightness error;
(d) pitch; (e) vertical straightness error; (f) roll.

Figure 16. Y-axis 6DOF geometric errors of a three-axis CNC machine tool. (a) Positioning error; (b) yaw; (c) horizontal straightness error;
(d) pitch; (e) vertical straightness error; (f) roll.
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Figure 17. Z-axis 6DOF geometric errors of three-axis CNC machine tool. (a) Positioning error; (b) yaw; (c) horizontal straightness error;
(d) pitch; (e) vertical straightness error; (f) roll.

Figure 18. Squareness error measurement result. (a) Squareness error of X and Y axis; (b) Squareness error of X and Z axis; (c) Squareness
error of Y and Z axis.
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Table 3. Repeatability experiment results.

Parameter
X-axis Y-axis Z-axis
Repeatability Repeatability Repeatability

Positioning
error (nm)

±90 ±10 ±70

Horizontal
straightness
error (µm)

±0.96 ±0.33 ±0.34

Vertical
straightness
error (µm)

±1.21 ±0.71 ±0.84

Pitch (′′) ±0.53 ±0.23 ±0.83
Yaw (′′) ±0.30 ±0.54 ±0.78
Roll (′′) ±2.03 ±1.19 ±1.58
Squareness
error Sxy (′′)

Repeatability: ±0.41

Squareness
error Sxz (′′)

Repeatability: ±0.18

Squareness
error Syz (′′)

Repeatability: ±0.57

6. Conclusion

This paper proposed a newmethod that can effectively and dir-
ectly measure 21 geometric errors of the three linear axes of
CNCmachine tools. The 21 geometric errors of the three linear
axes can be automatically measured with only one installation
using the measurement system. Based on rigid body kinemat-
ics theory and the ray tracing method, a comprehensive error
measurement model was established. The effects of system
errors on the measurement accuracy were analyzed, includ-
ing crosstalk errors, optical component manufacturing and
installation errors, non-parallelism errors of the two measure-
ment beams and the differences between measurement modes.
ZEMAXoptical design software was used to perform a numer-
ical simulation to verify the correctness of the model. The
measurement system and comprehensive measurement model
are universally applicable to the linear axis geometric error
measurement of all types of CNC machine tools. Repeatabil-
ity and comparison experiments were conducted for the meas-
urement system and verified the feasibility and effectiveness
of the system and model. Finally, using the proposed meas-
urement system and corresponding measurement model, the
21 geometric errors of an XYTZ CNC machine tool were
measured three times in an actual processing workshop. The
setup and measurement processes took approximately 35 min.
Compared with the traditional single-parameter laser interfer-
ometer, the proposed measurement system has a high meas-
urement efficiency.
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