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ABSTRACT

In this paper, we investigate the generalized fourth order Pell sequences and we deal with, in detalil,
three special cases which we call them as fourth order Pell, fourth order Pell-Lucas and modified
fourth order Pell sequences.
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1 INTRODUCTION

In this paper, we introduce the generalized fourth order Pell sequences and we investigate, in detalil,
three special cases which we call them fourth order Pell, fourth order Pell-Lucas and modified fourth
order Pell sequences.

It is well-known that the Pell sequence (sequence A000129 in [1]) {P,} is defined recursively by the
equation, forn > 0
Pn+2 = 2Pn+1 + Pn
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in which P, = 0 and P, = 1. Next, we present the first few values of Pell numbers with positive and
negative subscripts:

Table 1. The first few values of the Pell numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Pp, 0 1 2 5 12 29 70 169 408 985 2378 5741 13860 33461 80782
P 0 1 —2 5 —12 29 —70 169 —408 985 —2378 5741 —13860 33461 —80782

—n

Pell sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example, [2,3,4,5,6,7,8,9,10,11]. For higher order
Pell sequences, see [12,13,14,15].

A generalized Tetranacci sequence {W, }n>0 = {Wn(Wo, Wi, Wa, Ws;r1,72,73,74) }n>0 i defined
by the fourth-order recurrence relations

Wyp =riWaot +1meWino +r3sWhg +1aWpna, Wo=a, W1 =bWa2=c,Ws=d (1.1)
where the initial values Wy, W1, Ws, W3 are arbitrary complex (or real) numbers and 71,72, r3, r4 are
real numbers.

Tetranacci sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example [16,17,18,19,20,21,22].
The sequence {W,}..>0 can be extended to negative subscripts by defining

I r r 1
W_, = —iVVf(nq) — in(na) — in(nfa) + —W_(n—g)
T4 T4 T4 T4

forn =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

In this paper we consider the case r1 = 2, r2 = r3 = r4 = 1 and in this case we write V;, = W,,. A
generalized fourth order Pell sequence {V,}n>0 = {Va(Vo, V1, V2, V3) }n>o is defined by the fourth-
order recurrence relations

V=2V 14+ Vo o+ Vo 3+ Vi (1 2)

with the initial values Vo = co, Vi = ¢1, Va = c2, V3 = ¢3 not all being zero.
The sequence {V,, },.>0 can be extended to negative subscripts by defining
Ve = =V_otney = Vonoo) = 2Vo(n—3) + V_(n_ay
forn =1,2,3, .... Therefore, recurrence (1.2) holds for all integer n.
As {V,. } is a fourth order recurrence sequence (difference equation), it's characteristic equation is
2t =22 — 2’ —z—1=0. (1.3)

The approximate value of the roots «, 5, and ¢ of Equation (1.3) are given by

a = 2592052792,
B = —0.6631378984,
v = 0.03554255298 — 0.76191078774,
0 = 0.03554255299 + 0.76191078774.
Note that we have the following identities:
at+B+y+d = 2
af+ay+ad+pBy+B6+7 = -1,
affy+afd+ayd+ By = 1,
afyd = -1
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The first few generalized fourth order Pell numbers with positive subscript and negative subscript are
given in the following Table 2.

Table 2. A few generalized fourth order Pell numbers

n Vi Von

0 Vo Vo

1 i —Vo—Vi—-2Va+ V3

2 Va Vs +3V2 =14

3 Vs —2V3 45V + V1 — Wy

4 2Va+ Vo + Vi + Vg Vi —4Vo 4+ 2V1 + 4Vh
5 5Vs + 3Vs + 3V; + 2V) 4V3 — 9V — 2V7 — 4V,
6 13V3 4+ 8Va + 7V1 + 5V —2V3 4+ 6Vy — 3V1 + 2V)
7 34V3 + 20Va + 18V4 + 13Vy —6Vs + 16V 4+ 2V4 — 7TVp
8 88V3 + 52Vo +47V;1 + 34V, Va3 —8Vo +7V1 + 17V,
9 262V3 + 155V, + 140V 4+ 101V, 13V3 — 29V5 — 5V; — 18V
10 693Vs +410Va + 370V1 + 267V —4Vs + 11Ve — 9V1 4+ 17Vp

Now we define three special case of the sequence {V,,}. Fourth-order Pell sequence {P}f)}nzo,
fourth-order Pell-Lucas sequence {Qﬁf)}nzo and modified fourth-order Pell sequence {Eﬁ‘“}nzo are
defined, respectively, by the fourth-order recurrence relations

PY, =2PW, 4+ P, PW 4+ PP PM =0,PM =1,PY =2,P®* =5, (1.4)
and
Q=200 + Q%L+, +Q%, QY =4,Q1Y =2,QY =6,Q" =17, (1.5)
and
4 4 4 4 4 4 4 4 4
BN, =28, + EX, + EX, + B, EY =0,E® =1,EY =1,E{Y =3.  (1.6)

The sequences {P"}50, {Q5}ns0 and {ES},0 can be extended to negative subscripts by
defining

P =P - P, —2PD + P (1.7)
and

QY =-QY ;) -, 5 —2QY _, +QY, _, (1.8)
and

E(4) _ _E(4>n N _E<4()n > _2E(4()n 3)+E(4>n N (1.9)

forn = 1,2, 3, ... respectively. Therefore, recurrences (1.7), (1.8) and (1.9) hold for all integer n.

In the rest of the paper, for easy writing, we drop the superscripts and write P,,Q, and E, for
P Q% and ESY, respectively.

Note that P, is the sequence A103142 in [1], E,, is the sequence A190139 in [1] and Q,, sequence
is't in the database of http://oeis.org [1], yet.

Next, we present the first few values of the fourth-order Pell, fourth-order Pell-Lucas and modified
fourth-order Pell numbers with positive and negative subscripts:
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Table 3. The first few values of the special fourth-order numbers with positive and negative

subscripts.
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
Pp, 0 1 2 5 13 34 88 228 591 1532 3971 10293 26680 69156
pP_, 0 0 0 1 —1 0 -1 4 —4 2 -7 17 —18 17
Qn 4 2 6 17 46 117 303 786 2038 5282 13691 35488 91987 238435
Q_p 4 -1 -1 —4 11 —6 2 —22 43 —31 34 —111 182 —170
En 0 1 1 3 8 21 54 140 363 941 2439 6322 16387 42476
E 0 0 -1 2 —1 1 -5 8 —6 9 —24 35 —35 57

2 GENERATING FUNCTIONS

Next, we give the ordinary generating function Y V,,z" of the sequence V..

n=0

Lemma 2.1. Suppose that fv, (z) = fj Vna™ is the ordinary generating function of the generalized

n=0
fourth-order Pell sequence {V,},>0. Then, > V,x" is given by
n=0
ivxn: Vo + (Vi — 2Vo)o + (Vo — 2Vi — Vo)a® + (Vs — 2V — Vi — Vp)a®

1—2¢—a2 — a3 —a?

(2.1)

n=0

Proof. Using the definition of generalized fourth-order Pell numbers, and substracting 2z f (), 22 f (x),
23 f(x) and z* f(x) from f(x) we obtain (note the shift in the index n in the third line)

(1—2z—2® —2° — 2" fv, (2)

oo oo o0 oo o0

= Z Vo — 2z Z Vpa" — z° Z Vpz™ — o Z V" — ot Z Vax"
n=0 n=0 n=0 n=0 n=0
[e @) o0 o0 oo oo

= Z Vez" — 2 Z Vo™t — Z Va2 — Z Va3 — Z Vot
n=0 n=0 n=0 n=0 n=0
oo oo o0 oo oo

= ) Vaa"=2> Voaa" =) Veoa" = > Viga" =) V"
n=0 n=1 n=2 n=3 n=4

= (Vo + Viz + Vaz® 4+ Vaaz®) — 2(Voxr + Viz® + Vaz®) — (Vou® + Viz®) — Vo

+ Z(Vn - anl - Vn72 - Vn73 - Vn74)xn

n=4
= (Vo +Vaz + Vaa® + Vaa®) — 2(Vox + Viz® + Vaz®) — (Voo + Viz®) — Vor®
= Vo+ (Vi —2Vo)z + (Vo — 2V1 — Vo)a® + (Vs — 2Vo — Vi — Vp)a®

Rearranging above equation, we obtain

i n Vot (Vi —2Vo)z + (Vo — 2Vi — Vo)a? + (Vs — 2Va — Vi — Vp)a®
Voz" = 2 3 1 :
= 1—-2x—22—23—2x

The previous Lemma gives the following results as particular examples.

Corollary 2.2. Generated functions of fourth-order Pell, Pell-Lucas and modified Pell numbers are

o0
x
Ppa™ = ;
z;) 1—2z — a2 — 23 — %’
n=
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and

iQ L 4— 6z — 222 — 28

s U120 — 22 — g3 — 2t
and

= ZIJ—JJQ

E,z" =

nZ:o nt 1—2z — 22 — 23 — %’

respectively.

3 OBTANING BINET FORMULA FROM GENERATING FUNCTION

We next find Binet formula of generalized fourth order Pell numbers {V,,} by the use of generating
function for V,.

Theorem 3.1. (Binet formula of generalized fourth order Pell numbers)
dla" dQﬁn d3’y" d4(5n

Ve =
(a—ﬁ)(a—7)(oz—5)+(5—a)(ﬂ—7)(5—5)+(7—a)(v—ﬁ)(v—5)+(5—a)(5—5)(i3—1¥)
where .
di = Vo’ + (Vi —2Vo)a® + (Vo — 2Vi — Vo)a + (Vs — 2Va — Vi — Vh),
dy = VoB® + (Vi —2V0)B% + (Va — 2Vi — Vo)B + (Vs — 2Va — Vi — V),
ds = Voy’ 4+ (Vi =2Vo)y? + (Vo — 2Vi = Vo)y + (Vs — 2Va — Vi — V),
dy = Vo> + (Vi —2V0)0° + (Vo — 2Vi — V)6 + (Vs — 2Va — Vi — Vh).
Proof. Let

hz)=1-2z —2° —2® — ™.

Then for some «, 3, and § we write
h(z) = (1 — az)(1 — Bz)(1 — yz)(1 — o)

i.e.,
1-2z—a2 -2 — 2" = (1 — ax)(1 — Bz)(1 — yz)(1 — dz). (3.2)
Hence %, %, % ve 1 are the roots of h(z). This gives «, 3,~ and § as the roots of
1 2 1 1 1
M=l @ @ "

This implies z* — 2 — 222 — 2 — 1 = 0. Now, by (2.1) and (3.2), it follows that

S Vo = Yot (Vi = 2Vo)o o (Vo — 201 — Voja? + (Vi — 2V — Vi — Voo
= (1 — ax)(1 — Ba)(1 — ya)(1 — ox) :
Then we write
_ _ _ 2
Vot (Vi—2Vo)o+ (Ve —2Vi—Vo)a®  Av  As A A 53

(- an)(1-fo)(1—vo)(1—02)  (l—ax)  (—pa) " (1-n2)  (1-00)
So
Vo + (Vi —2Vo)z + (Va — 2Vi — Vo)a° + (V3 — 2Va — Vi — Vp)a®
= Ai(1-82)(1—~z)(1—6z)+ A2(1 — az)(l —vyz)(1 — ox)
+A3(1 —az)(1 — Bx)(1 — dz) + As(1 — ax)(1 — Bz)(1 — vyx).
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If we consider z = 1, we get Vo + (Vi —2Vo)2 + (Ve —2Vi — Vo) 5 + (Vs —2Va — Vi — Vo) 5 =
Ai(1—£)(1 - 2)(1 - 2). This gives

A PVo+(Vi—2V0) 2 + (Ve —2Vi = Vo) 5 + (Vs —2Va — Vi — Vo) )
' (o= B)(a—=7)(a = 9)
Voo + (Vi —2Vp)a? + (Vo — 2Vi — Vo)a+ (Vs — 2Va — Vi — V)

(a-B)a—a—0)

Similarly, we obtain

VoB® + (Vi — 2Vp) B2 + (Vo — 2V = Vo) B+ (Vs — 2V — Vi — V)

A= (B—a)B -8 1) |
Ay = Vor® + (Vi = 2Vo)v* 4+ (Va = 2Vi = Vo)v + (Vs — 2Va — Vi — V)

(v—a)(y=B)(y—19) ’
A, = V053+(V1—2V0)52+(V2—2V1—%)5+(V3—2V2—V1—Vb)'

(6 —a)(6—B)(6—)
Thus (3.3) can be written as

D> Vaa" = Ai(1—ax) "t + As(1 - Br) T+ As(1—yx) T+ Aa(1 - dx)

n=0
This gives

e}

A Z a"z" 4+ A, Z B z" + As Z N 4+ Ay Z ot
n=0 n=0

n=0 = = n=0

oo
>V
n=0

D (Ara™ + Axf™ + Agy" + Asd")z".
n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

Vn = A10zn + Azﬂn + Ag’)/n + A4(5n

where
A = Voo + (Vi — 2Vp)a® + (Vo — 2Vi — Vo)a + (Vs — 2V — Vi — Vp)
(o= B)(a =) (o= 6) ’
A, = VoB® + (Vi = 2V0)B% 4+ (Va — 2Vi = Vo) B + (Vs — 2V — Vi — 1)
(B=a)(B=7)(B—09) 7
Ae — Voy® + (Vi = 2Vo)y? + (Vo — 2Vi — Vo)y + (Vs — 2Va — Vi — Vo)
3 = )
(v —a)(y = B)(y—9)
A = Vod® + (Vi —210)8% + (Ve — 2V = Vo)d + (Vs —2Ve — V4 —Vo)7

(6= a)(6=B)(6 =)
and then we get (3.1).

Next, using Theorem 3.1, we present the Binet formulas of fourth-order Pell, Pell-Lucas and modified
Pell sequences.

Corollary 3.2. Binet formulas of fourth-order Pell, Pell-Lucas and modified Pell sequences are
n-+2 Bn+2 n+2 5n+2

R
T e—Ala-N@-0 B-aB-1BE-0"

=) - B =0 G- -BG -1
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and
Qn=a"+8"+4"+4§",
and
~ (@=1a™! (8- 1)+ (y = 1)y (3 = 1)a+!
b= B a -8 -l -G -0 e -A -0 -6 -HE )
respectively.

Note that Binet formula of generalized fourth order Pell numbers can be represented as
adla" Bdgﬁn ’ydgfy” 5d45n
203 + 202 +3a+4 283 +282+38+4 293+ 292+3y+4 203 4+252+30 +4

which can be derived from a result ((4.20) in page 25) of Hanusa [23]. When we compare (3.1) and
(3.4), we see the following identities:

(3.4)

n =

1 «
(@—B)la—7(a—08) ~  20°+2a2+3a+4’
1 _ B
B-a)B-—7)(B—-0)  283+282+38+4’
1 _ v
(v—a)(y=B) (=98 2P +292+3y+4’

1 é
(6—a)(6—B)(6—7) 203 +202 + 30 +4
Using the above identities, we can give the Binet formulas of fourth-order Pell, Pell-Lucas and modified
Pell sequences in the following form: Binet formulas of fourth-order Pell, Pell-Lucas and modified Pell
sequences are

an+3 /8n+3 ,yn+3 6n+3
b= + + + ;
208 + 202 +3a+4  2B8342B82+38+4 293 +2924+3y+4 262 +202+35+4
and
Qn :an+ﬂn+7n+6n7
and
(a —1)am*? (B—1)p"*+? (y—1)y"*? (6 —1)6"*2

n

T 2% +202+3a+4 205 +202 + 30 + 4

respectively.

283+ 282 +38+4 ' 29°+292 4 3y + 4

We can also find Binet formulas by using matrix method which is given in [13]. Take k = i = 4 in
Corollary 3.1 in [13]. Let

a a a 1
PO
ooty 1
5 62 5 1
a1t a2 a1 a® a" vt a1
A 5"71 Bz B 1 Ay — 5: ﬁ"fi g1
S A T T 7o oy 1
L S N | 8 vt s 1
o o a1 o> o a ot
A 53 ﬁ? anl 1 A 53 52 /8 ﬂnfl
3 3 2 n—1 y 44 = 3 2 n—1
1
el A A R
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Then the Binet formula for fourth-order Pell numbers is

1 & 1
P, = > Ps—jdet(A;) = —(Padet(Ar) + Py det(Ag) + Pp det(Ag) + P1 det(Aq))

det(A) /=

- detl(A) (13det(A1) + 5det(Ag) + 2det(A3) + det(Aq))

ant?2 ,3”+2

'Yn+2 snt2

+ .
@=Ba-m@=0)  B-a)B-NB-3 G- -AH-3  G-06-AHG-

Similarly, we obtain the Binet formula for fourth-order Pell-Lucas and modified fourth-order Pell numbers
as

Qn = %(@1 det(Ar) + Qs det(A2) + Q2 det(As) + Q1 det(As))
- %(46 det(Ar) + 17 det(As) + 6 det(As) + 2 det(A4))
= a"+B"+79"+0"
and
B, = %(E4 det(A) + Bs det(As) + Bz det(As) + Er det(Aq))
_ %(8 det(Ar) + 3det(A2) + det(As) + det(As))

respectively.

4 SIMSON FORMULAS

There is a well-known Simson Identity (formula) for Fibonacci sequence {F, }, namely,
Fop1Fy ) — F2 = (—1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well.

This can be written in the form

Fn+1 Fn
F, Fn_1

= (-1

The following Theorem gives generalization of this result to the generalized Tetranacci sequence
{Wa}.

Theorem 4.1 (Simson Formula of Generalized Tetranacci Numbers). For all integers n we have

Whnits Wnia Wppa o Wy Ws W, Wi Wp
Wote Whia W Whn_1 _ (—1)"r" Ws  Wh Wo W_1
Wis1 Wn  Wao1 Wi LW Wo Woi W,

Wa Whno1 Whoo Wy_3 Wo W_1 W_o W_j3

(4.1)

Proof. (4.1) is given in Soykan [24].

A special case of the above theorem is the following Theorem which gives Simson formula of the
generalized fourth-order Pell sequence {V,.}.
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Theorem 4.2 (Simson Formula of Generalized Fourth-Order Pell Numbers). For all integers n we
have
Vats Vatz Vapr Vi s Va2 Vi W
Vidz Vapr Voo Voo | (—1)" Vo Vi Vo Vo
Vn+1 Vn Vn—l Vn—2 ‘/1 ‘/O V—l V—2
Vn Vn —1 Vn —2 Vn -3 VO V_ 1 V_ 2 V_ 3

The previous Theorem gives the following results as particular examples.

Corollary 4.3. Simson formula of fourth-order Pell, Pell-Lucas and modified Pell numbers are given
as
Pn+3 Pn+2 Pn+1 Pn
Pn+2 Pn+1 Pn Pn—l
Pn+1 Pn Pnfl Pn72
Pn Pn—l Pn—Q Pn_g

— (- = (-,

and
Q"+3 Qn+2 Qn+1 Qn
Qniz Qni1 Qn  Qn-a .
= 1423(—1)",
Qi1 Qn  Qno1 Q-2 (=1
Qn anl Qn72 ang
and
En+3 En+2 En+1 E,
En+2 En+1 Er En A(_1\" _ q(_q1\n+1
En+1 En En—l En—2 - 4( 1) _4( 1) )
En Enfl En72 En,3
respectively.

5 SOME IDENTITIES

In this section, we obtain some identities of fourth order Pell, fourth order Pell-Lucas and modified
fourth order Pell numbers. First, we can give a few basic relations between {P,.} and {Q.}.

Lemma 5.1. The following equalities are true:

Qn = 11P, 5 —26P,4 4 — 4P, 3 — 6Py, (5.1)
Qn = —4Pyi4+TPnis+5Puio+ 11P, 1, (5.2)

Qn = —Pays+ Pajo+ TPuy1 — 4P, (5.3)

Qn = —Pui2+6P,11—5P,—Pu_1, (5.4)

Qn = 4P, 1 —6P, —2P, 1 — P, o, (5.5)

and

1423P, = 44Qn+5 — 270Qn+4 + 426Qn+3 + 5Qn 2, (5.6)

1423P, = —182Quia + 470Qn+3 + 49Qn+2 + 44Q 11, (5.7)

1423P, = 106Qu+3 — 133Qni2 — 138Qn11 — 182Qn, (5.8)

1423P, = T79Qn12 — 32Qn+1 — 76Qn + 106Qn—1, (5.9)

1423P, = 126Qu+1 +3Qn + 185Qn—1 + 79Qn—2 (5.10)



Soykan; JSRR, 25(1): 1-18, 2019; Article no.JSRR.52074

Proof. Note that all the identities hold for all integers n. We prove (5.1). To show (5.1), writing
Qn:axPn+5+b><Pn+4+c><Pn+3+dXPn+2

and solving the system of equations

Qo = axXPs+bxPi+cxPs+dxPs
Q1 = axPs+bxPs+cxPi+dxPs
Q2 = axXPr4+bxPs+cecx Ps+dx Py
Qs = axPs+bxPr+cxPs+dxPs

we find that a = 11,b = —26,c = —4,d = —6. The other equalities can be proved similarly.

Note that all the identities in the above Lemma can be proved by induction as well.

Secondly, we present a few basic relations between {P,} and {E,, }.

Lemma 5.2. The following equalities are true:

E, = —Ppi5+4Ppia —4Pp13+ Py,
En = 2Pn+4 _5Pn+3 _Pn+17
En = —Pui3+2P 2+ Pai1+ 2P,
E, = P,—-P,
and
4Pn = _SEn+5 + 7En+4 + 2En+3 + En+27
4Pn = En+4 - En+3 - 2En+2 - 3En+17
4Pn == En+3 - En+2 - 2En+1 + E'ru
4Pn = En+2 - En+1 + 2En + 1En—1~

Thirdly, we give a few basic relations between {Q..} and {E..}.

Lemma 5.3. The following equalities are true:

4Q, = 19FE, 5 —35F,44 —26E,,13 — 25F, 0,

4Q, = 3Fn4a—TEn 3 —6F, o+ 19E, 1,

4Q, = —FEn43—3Enio+22E,.1+ 3F,,

4Q, = —5FEni2+21E, 1 +2E, —En 1,

4Q, = 11E,41 —3E, —6E, 1 —5F, o,

and

1423E, = 39Qun+5 — 304Qn14 + T01Qn+3 — 416Q 142,
1423E, = —226Qn+4 + 740Qn+3 — 377Qn+2 + 39Qn+1,
1423E, = 288Qn+3 — 603Qnt2 — 187Qnt1 — 226Qn,
1423E, = —27Qn+2+ 101Qn+1 + 62Q, + 288Q -1,
1423E, = 47Qn+1+35Qn + 261Qn—1 — 27Qn—2.

We now present a few special identities for the modified fourth order Pell sequence {E,. }.

10
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Theorem 5.4. (Catalan’s identity) For all natural numbers n. and m, the following identity holds
En+mEn7m - E727, = (Pn+m - Pn+m71)(Pn7m - Pnfmfl) - (Pn - Pn71)2~

Proof. We use the identity
E,=P,—P,_1.

Note that for m = 1 in Catalan’s identity, we get the Cassini identity for the modified fourth order Pell
sequence.

Corollary 5.5. (Cassini’s identity) For all natural numbers n and m, the following identity holds
En+1En71 - Ei = (Pn+1 - Pn)(Pnfl - P’n72) - (Pn - n71)2-

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using E,, = P, —

P,_1.The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of modified

fourth order Pell sequence {E,.}.

Theorem 5.6. Letn and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)

Emi1En — EmBny1 = (Pmi1 — Pn)(Po — Pa_1) — (P — Pm—1)(Pag1 — P).
(b) (Gelin-Cesaro’s identity)
Eny2Eni1Ey 1En 2o—Ep = (Poyo—Pui1)(Pos1—Pn)(Pu1—Pn—2)(Pu—2—Pn_3)—(Pn—Pn_1)*
(c) (Melham’s identity)
Ent1BEni2Enie — Eoy3 = (Pot1 — Po)(Pot2 — Pat1)(Pats — Pats) — (Pats — Pag2)®.

Proof. Use the identity E,, = P, — P,_1.

6 LINEAR SUMS

The following Theorem presents summing formulas of generalized fourth order Pell numbers.
Theorem 6.1. Forn > 0 we have the following formulas:

(a) (Sum of the generalized fourth order Pell numbers)

< 1
Z Vk = Z(Vn+4 - Vn+3 - 2Vn+2 - 3Vn+1 - VS + ‘/2 + 2‘/1 + 3‘/0)
k=0

(b)

" 1
E Vor = g(*Verz + 5Vant1 + 2Van + 3Vap—1 — 3Va + 7Va — 2V4 4+ 9Wp).
k=0

(c)
< 1
> Vaks1 = g (8Vant2 + Vans1 +2Ven = Vano1 + Vs — 5V2 + 63 — 3V5).
k=0

Proof.

11
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(a) Using the recurrence relation

Vn - 2Vn71 + Vn72 + Vn73 + Vn74

i.e.
Vies =V =2Vp1 — Vo
we obtain
Vo = u=-2V3-V2-V;
i = Vs=2Vi-Vs-V,
Vo = V—=2Vs-Vi—-V3
Vo = Ve-2Vs—-V5—-V4
Vi = V=2V —Veg—Vs
Voca = Vo —=2Va1 —Viao—Vyg
Vies = Vg1 =2V, = Vo1 — Vio
Ve = Vago =2V — Voo — Vi
Vet = Vagz =2V = Vo =V,
Vi = Viga —2Vois — Vogo — Vg

If we add the equations by side by, we get

n n
STV = (Vagat+Vags+Vago+ Vag1 —Va— Vo — Vi —Vo+ > Vi)
k=0 k=0

n n
“2(Vag3 + Vg2 + Vg1 = Vo = Vi = Vo + > Vi) = (Vag2 + Vag1 = Vi = Vo + > Vi)
k=0 k=0

(Vg1 — Vo + D Vi)
k=0

Then, solving the above equality we obtain

- 1
> Vi= Z(Vn+4 — Vogs — 2Vigo — 3Vnq1 — Vo 4 Vo + 2V4 + 3V0).
k=0

(b) and (c) Using the recurrence relation

Vn = ZVn—l + Vn72 + Vn73 + V’ﬂ74

i.e.
2Vn71 - Vn - Vn72 - Vn73 - Vn74
we obtain
2V = Vu—-Vo-Vi =W
2Vs = Ve—Vua—-V3 -1,
2V = W—-Ve—-V5s-V4
2Von1 = Vo —Vono —Von3—Von_y
2Vont1r = Vopgo —Van — Vono1 — Von_o
2V2n+3 = V2n+4 - V2n+2 - ‘/2n+1 - V2n~

12
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Now, if we add the above equations by side by, we get

n n n n n
2(=Vi+ > Vapg1) = (Vangza —Va—Vo+ > Var) = (=Vo+ D Var) = (—Vang1+ O Vart1) = (=Van+ D Vag).

k=0

k=0 k=0 k=0 k=0

Similarly, using the recurrence relation

i.e.

Vn = 2Vn71 + Vn72 + Vn73 + Vn74

Vi1 =Vo = Voo =V 33—V, 4

we write the following obvious equations;

2Vo, = Va—-Vi—-Vy—V_,

2Vy = Vs—-Vz—-12-W;

2V = Ve—Ve—=Va—-V3

2Vs = Vo—-Vi—-Ve—Vs
2Vapn—2 = Vap-1—Van—3 —Vap—ga — Van_s

2Van = Vapy1 — Van—1 — Van—2 — Van—3

2Vant2 = Vangsz — Vani1 — Von — Van—1
2Vanta = Vonys — Vanys — Vopto — Vonga

Now, if we add the above equations by side by, we obtain

2(=Vo + Z Var) =
k=0

(V1 + ZV%H) — (=Vant1 + ZV2k+1) = (=Van + ZV%)
k=0 k=0 k=0

—(—Vang1 — Va1 + Vi + Z Vak+1).

Then, solving the following system

2(=Vi+ D> Vogy1)
k=0

n
2(=Vo + > Var)
k=0

where

k=0

n n n

(Vang2 = Va = Vo4 D Var) = (=Vo + D Vo) = (=Vang1 + D Vaky1)
k=0 k=0 k=0
n
—(=Van + > Vag)s
k=0
n n n
(=Vi+ > Vapg1) = (—Vang1 + D Vapg1) — (=Van + D Vag)
k=0 k=0 k=0

n

—(~Van41 — Van—1+ (Vo = Vi = 2Va + Va) + > Vagy1),
k=0

Va=-W-Vi-2V2+V;

the required result of (b) and (c) follow.

As special cases of above Theorem, we have the following three Corollaries. First one presents some
summing formulas of fourth order Pell numbers.

Corollary 6.2. Forn > 0 we have the following formulas:

13
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(@) (Sum of the fourth order Pell numbers)

. 1
ZPIC - Z(Pn+47Pn+3 72Pn+273pn+1 71)
k=0

(b) ZZ:O Py, = é(_PQn-Q—Q + 5Pont1 + 2P2n + 3P2n—1 — 3).
() >roPory1 = %(3P2n+2 + Pony1 + 2P2y, — Pop—1 + 1).

Secon one presents some summing formulas of fourth order Pell-Lucas numbers.

Corollary 6.3. Forn > 0 we have the following formulas:
(a) (Sum of the fourth order Pell-Lucas numbers)

ZQk = i(Qn+4 — Qn+3 — 2Qn+2 — 3Qn+1 + 5).
k=0

(b) > Qar = §(—Q2nr2 + 5Q2nt1 + 2Q2n + 3Q2n—1 + 23).
(€) > i oQarir = %(3Q2n+2 + Q2n+1 + 2Q2n — Q2n—1 — 13).

Last one presents some summing formulas of modified fourth order Pell numbers.
Corollary 6.4. Forn > 0 we have the following formulas:

(a) (Sum of the modified fourth order Pell numbers)

- 1
ZEk = 1(E7L+4 — Ent3 —2En42 — 3En+1)'
k=0

(b) > 7 o For = %(_E2n+2 + 5F2n41 + 2E2n + 3E2n—1 — 4).
(©) > i oEort1 = é(3E2n+2 + Eont1 + 2F2n — E2n1 + 4).

7 MATRICES RELATED WITH GENERALIZED FOURTH-ORDER
PELL NUMBERS

Matrix formulation of W,, can be given as

n

Whas rL T2 T3 T4 W3

Wn+2 — 1 0 0 0 W2 (7 1 )

Wit 0 1 0 0 Wi '
W, 0 0 1 0 Wo

For matrix formulation (7.1), see [25]. In fact, Kalman give the formula in the following form

n

W 0 1 0 O Wo
Wayr | | 0 0 1 0 Wi
Wniz | | 0 0 0 1 Wa
Whts TL T2 T3 T4 W3
We define the square matrix A of order 4 as:
2 1 1 1
1 0 0 O
A= 01 0 O
0 0 1 0

14
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such that det M = —1. From (1.2) we have

Viss 2 1 1 1 Vieto
Vn+2 _ 1 O 0 0 Vn+1
Va1 o 01 0 O Va (7:2)
Va 0 0 1 O Vo1
and from (7.1) (or using (7.2) and induction) we have
Vs 2 1 1 1\"/ Vs
Vare | [ 1 0 0 0 Vo
Varr |71 0 1 0 0 Vi
Va 0 01 0 Vo
If we take V' = P in (7.2) we have
Pois 2 1 1 1 Poio
Puo | [ 1 00 0 Pots
Pooi | |01 00 P, (7:3)
P, 0 01 0 Pn_1
We also define
Pn+l Pn+Pnfl+Pn72 Pn""Pnfl Pn
B. — P, Py 1+Pro2+P, 3 Po1+P, 2 P,
" Pnfl Pn72+Pn73+Pn74 Pn72+Pn73 Pn72
P’n72 Pn73 + Pn74 + P’n75 Pn73 + Pnfél Pn73
and
Vn+1 Vn + Vn—l + Vn—2 an + Vn—l Vn
C, = Vn anl + Vn72 + Vn73 anl + Vn72 anl
" anl Vn72 + Vn73 + Vn74 Vn72 + Vn73 Vn72
Vn—2 Vn—3 + Vn—4 + Vn—5 Vn—3 + Vn—4 Vn—3

Theorem 7.1. For all integer m,n > 0, we have

(@) B, = A"
(b) CLA"™ = A™C,
(c) Cn+'m = C’ILB"L = B'mcn-

Proof.

(a) By expanding the vectors on the both sides of (7.3) to 4-colums and multiplying the obtained on

the right-hand side by A, we get

B, = AB, 1.

By induction argument, from the last equation, we obtain

But B; = A. It follows that B,, = A"™.
(b) Using (a) and definition of C4, (b) follows.

15
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(c) We have
2 1 1 1 Vn anl + Vn72 + Vn73 anl + Vn72 anl
AC . 1.0 0 O Vet Vo + Vo 3+ Vag Vao+ Vs Vio
et 01 0 0 Viea Vs +Vaa+Vas Vies+Viea Vies
O 0 1 0 Vn73 Vn74 + Vn75 + Vn76 Vn74 + Vn75 Vn74

Vn+1 Vn + Vn—l + Vn—2 Vn + Vn—l Vn
_ Vn anl + Vn72 + Vn73 anl + Vn72 anl _ C
anl Vn72 + Vn73 + Vn74 Vn72 + Vn73 Vn72 "

Vn—2 Vn—3 + Vn—4 + Vn—5 Vn—3 + Vn—4 Vn—3

i.e. C, = AC,_1. From the last equation, using induction we obtain C,, = A™'C;. Now we
obtain
Crppm = A"T"71C = A"PA™CL = AMTNCLA™ = Co B,

and similarly
C7L+m = Bmcn-
Some properties of A™ matris can be given as
A" =24 AR AT At
and
An+m — AnAm — AmAn
for all integer m and n.

Theorem 7.2. Form,n > 0 we have

Vner = VanJrl + anl(Pm + mel + Pm72) + ‘/n72(Pm + mel) + Vn73Pm (74)

- Vnpm+l + (anl + Vo + Vn73) P + (anl + Vn72) P11+ Va1 Proo.
Proof. From the equation C,+., = C\, B, = B, C,, we see that an element of C,,+., is the product
of row C,, and a column B,,,. From the last equation we say that an element of C,, ., is the product

of a row C,, and column B,,,.We just compare the linear combination of the 2nd row and 1st column
entries of the matrices C,,+., and C,, B,,. This completes the proof.

Remark 7.1. By induction, it can be proved that for all integers m,n < 0, (7.4) holds. So for all
integers m,n (7.4) is true.

Corollary 7.3. For all integers m,n, we have

Pn-Hn - Pan+1+Pn—1(Pm+Pm—l+Pm—2)+Pn—2(Pm+Pm—1)+Pn—3Pm7
Qn+m = QanJrl“!‘anl(Pm‘i'mel+Pm72)+Qn72(Pm+Pm—1)+Qn73Pm7
En+m = Ean+1+Enfl(Pm+Pm71 +Pm72)+En72(Pm+mel)+En73Pm~

8 CONCLUSION

In the literature, there have been so many studies of the sequences of numbers and the sequences of
numbers were widely used in many research areas, such as physics, engineering, architecture, nature
and art. We introduce the generalized fourth order Pell sequences and we present Binet’s formulas,
generating functions, Simson formulas, the summation formulas, some identities and matrices for
these sequences.
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