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Abstract 
 

The theory of fixed point is applied in many fields of mathematics as well as in other studies. That is the 
main reason for producing new results, as well as for generalizing already known theorems about fixed 
point. This paper considers several generalizations of R. Kannan [1] and S. K. Chatterjea [2] theorems 
about fixed point. 
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1 Introduction  
 
The theory of fixed point dynamically develops in the period of the recent decades. The first important result 
in the theory of fixed point about contractive mapping is Banach theorem (principle of contractive mapping, 
[3]). Exactly this theorem is very important researching instrument in many different fields of mathematics. 
The above theorem was presented, 1922, in S. Banach dissertation. By applying the stated theorem is proven 
that an integral equality might be solved. Further, R. Kannan [1] 1968 has proven that, if ( , )X d  is a 

complete metric space and :S X X→  is such mapping that it exists 1
2

(0, )α ∈  so that for all ,x y X∈  the 

inequality  
 

( , ) ( ( , ) ( , ))d Sx Sy d x Sx d y Syα≤ + ,                    (1) 

 
is satisfied, then there is a unique fixed point on S. Several years later, 1972, S. K. Chatterjea [2] has 

proven that if ( , )X d  is a complete metric space and :S X X→ is such mapping that it exists 1
2

(0, )α ∈  so 

that for all ,x y X∈  the inequality  
 

( , ) ( ( , ) ( , ))d Sx Sy d x Sy d y Sxα≤ + ,                    (2) 
 
is satisfied, then there is a unique fixed point on S.  
 
In the further considerations we will generalize these results by applying the sequentially convergent 
mappings, defined as the following 

 
Definition 1 [4]. Let ( , )X d  be a metric space. A mapping :T X X→  is said sequentially convergent if, for 

each sequence { }ny  the following holds true:  
 

if { }nTy  convergences, then { }ny  also convergences.  
 

2 Generalization of Kannan Theorem 
 
Theorem 1. Let ( , )X d  be a complete metric space, :S X X→  and :T X X→  be a mapping such that it 

is continuous, injection and sequentially convergent. If 0α >  0,γ ≥  2 1α γ+ <  and  

 
( , ) ( ( , ) ( , )) ( , )d TSx TSy d Tx TSx d Ty TSy d Tx Tyα γ≤ + +                   (3) 

 

for all ,x y X∈ , then there is a unique fixed point on S  and for any 0x X∈  the sequence 0{ }nS x  

convergences to the above fixed point.  
 
Proof. Let 0x  be any point on X  and the sequence { }nx  be defined as the following 1n nx Sx+ = , 

0,1,2,3,...n = . The inequality (3) implies that  
 

1 1 1 1( , ) ( ( , ) ( , )) ( , ),n n n n n n n nd Tx Tx d Tx Tx d Tx Tx d Tx Txα γ+ + − −≤ + +  

 
therefore 

 

1 1( , ) ( , )n n n nd Tx Tx d Tx Txλ+ −≤ ,                    (4) 
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for each 0,1,2,3,...n = , and 
1

0 1α γ
αλ +

−< = < . The inequality (4) implies that for all , ,m n n m∈ >N   

 

1 01
( , ) ( , )

m

n md Tx Tx d Tx Txλ
λ−≤                     (5) 

 
holds true. And since 0 1λ< < , it is true that the sequence { }nTx  is Caushy. But, X  is complete metric 

space, thereby (5) implies that the sequence { }nTx  is convergent, i.e. it exists z X∈  so thatlim n
n

Tx z
→∞

= . 

Further, the mapping :T X X→  is sequentially convergent and since the sequence { }nTx  is convergent, it 

implies that the sequence { }nx  is also convergent, i.e. it exists u X∈  so that lim n
n

x u
→∞

=  holds true. 

Further, the continuous of T  implies that lim n
n

Tx Tu
→∞

=  holds true. Thus,  

 

1 1

0 1 1

1 1
0 0 0 1 0 1

1
1 0 1

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , )

[ ( , ) ( , )] ( , ) ( , ) ( , )

( , ) ( , ) ( , ) (

n n n n

n
n n n

n n n n
n

n n
n

d TSu Tu d TSu Tx d Tx Tx d Tx Tu

d TSu TS x d Tx Tx d Tx Tu

d Tu TSu d TS x TS x d Tu TS x d Tx Tx d Tx Tu

d Tu TSu d Tx Tx d Tu Tx d Tx

α γ λ

α αλ γ λ

+ +

+ +
− −

+
−

−

≤ + +

= + +

≤ + + + +

= + + + 1 0 1, ) ( , ).nTx d Tx Tu++

 

 
Forn→ ∞ , the continuous of T  and 0 1λ< <  imply that ( , ) ( , )d TSu Tu d TSu Tuα≤ . But, since0 1α< < , 

the latter implies that( , ) 0d TSu Tu = , i.e. TSu Tu= . Finally, T  is injection, and thusSu u= . The latter 

actually means that the mapping S  has a fixed point.  
 
Let ,u v X∈  be fixed points on S , i.e. Su u=  and Sv v= . Then, (3) implies the following 

 
( , ) ( , ) ( ( , ) ( , )) ( , ) ( , )d Tu Tv d TSu TSv d Tu TSu d Tv TSv d Tu Tv d Tu Tvα γ γ= ≤ + + =  

 
Since 0 1γ≤ < , the last inequality implies that ( , ) 0d Tu Tv = , i.e. Tu Tv= . But, since T  is injection, it is 

true that u v= . The last actually means that T has a unique fixed point. Finally, the arbitrariness of 0x X∈  

and the above stated imply that for each 0x X∈  the sequence 0{ }nS x  convergences to the unique fixed 

point on S . ■ 
 
Consequence 1. Let ( , )X d  be a complete metric space, :S X X→  and :T X X→  be such mapping that 

it is continuous, injection and sequentially convergent. If (0,1)λ ∈  and  
 

3( , ) ( , ) ( , ) ( , )d TSx TSy d Tx TSx d Ty TSy d Tx Tyλ≤ ⋅ ⋅  
 

holds true for all ,x y X∈ , then S  has a unique fixed point and for each 0x X∈  the sequence 0{ }nS x  
convergences to the above fixed point.  
 
Proof. The inequality of arithmetic and geometric means (the AM-GM inequality) implies that  

 

3
( , ) ( ( , ) ( , ) ( , ))d TSx TSy d Tx TSx d Ty TSy d Tx Tyλ≤ + + . 

 

The statement is directly implied by theorem 1 for 
3
λα γ= = . ■  
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Consequence 2. Let ( , )X d  be a complete metric space, :S X X→  and the mapping :T X X→  be 

continuous, injection and sequentially convergent. If 0,α >  0γ ≥ , 2 1α γ+ <  and  
 

2 2( , ) ( , )
( , ) ( , )

( , ) ( , )d Tx TSx d Ty TSy
d Tx TSx d Ty TSy

d TSx TSy d Tx Tyα γ+
+≤ + , 

 

holds true for all ,x y X∈ , then S  has a fixed point and for each 0x X∈  the sequence 0{ }nS x  
convergences to a fixed point.  
 
Proof. The inequality stated in the condition implies the inequality (3). And the claim is implied by the 
Theorem 1. ■  
 
Consequence 3 [5]. Let ( , )X d  be a complete metric space, :S X X→  and the mapping :T X X→  be 

continuous, injection and sequentially convergent. If 1
2

(0, )α ∈  and  

 
( , ) ( ( , ) ( , ))d TSx TSy d Tx TSx d Ty TSyα≤ +                    (6) 

 

for all ,x y X∈ , then S has a unique fixed point and for each 0x X∈  the sequence 0{ }nS x  convergences 
exactly to that fixed point.  
 
Proof. It is sufficient to take 0γ =  in the Theorem 1. ■ 

 
The paper [5] considers an example in which Kannan Theorem is not applicable, but the Consequence 3 
(Theorem 2.1. [5]) implies the existence of a fixed point for the considered mapping. Hereinafter we will 
consider one more example of this type.  
 

Example 1. Let 1 1 1
2 3 4

{0} {1, , , ,...}X = ∪  and d  be an Euclidian metric onX . Then, ( , )X d  is a complete 

metric space. Let the mapping :S X X→  be determined as the following: (0) 0S =  and 1 1
1

( )
n n

S += , for 

1n ≥ . If there exists 1
2

(0, )α ∈ , so that for all ,x y X∈  the condition (1) is satisfied, and for 

1 1
1 2 1
,

n n
x y− −= =  then for each 1n >  the following should be satisfied 5 31

( 1)(2 1)
2 n

n nα
−

− −< ≤ , which is 

contradictory. Therefore the Kannan Theorem is not applicable when solving the given problem. The 

mapping :T X X→  determined as (0) 0T =  and 2
1 1

[ ]
( ) nn e

T = , for 1n ≥  is continuous, injection and 

sequentially convergent. Further, since [ ] [ ] [ ]x y xy⋅ ≤ , for all , 0x y ≥  it is true that for each 1n ≥  . 
 

2 2 2 2 2 2( 1)7[ ] [ ] [ ] [ ] [ ]n n n ne e e e e e +≤ ⋅ = = , i.е. 2( 1) 2 2( 1)
1 1 1 1

6[ ] [ ] [ ]
( )

n n ne e e+ +≤ −   

 
is satisfied. Therefore, for all ,m n∈N , m n>   

 

2( 1) 2( 1) 2( 1) 2 2( 1)

2 2( 1) 2 2( 1)

1 1 1 1 1 1 1 1
6[ ] [ ] [ ] [ ] [ ]

1 1 1 1 1
6 [ ] [ ] [ ] [ ]

1 1 1 1 1
6

| ( ) ( ) | | | ( )

[ ]

[| ( ) ( ) | | ( ) ( ) |]

n m n n n

n n m m

n m e e e e e

e e e e

n n m m

TS TS

T TS T TS

+ + + +

+ +

− = − < ≤ −

≤ − + −

≤ − + −
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holds true, and for each n∈ N   
 

2( 1) 2 2( 1)
1 1 1 1 1 1 1 1

6 6[ ] [ ] [ ]
| (0) ( ) | ( ) [| (0) (0) | | ( ) ( ) |]n n nn n ne e e
TS TS T TS T TS+ +− = ≤ − = − + −  

 

also holds true. Thus, the inequality (6) holds true for 1
6

α = . Therefore, the Consequence 3 implies that the 

mapping S  has a unique fixed point. ■ 
 
Consequence 4 [1]. If ( , )X d  is a complete metric space and :S X X→  is such mapping that it exists 

1
2

(0, )α ∈  so that for all ,x y X∈  the condition (1) is satisfied, then S  has a unique fixed point.  

 
Proof. It is sufficient Tx x=  to be substitute in Consequence 3. The mapping T  is continuous, injection 
and sequentially convergent, and furthermore the condition (1) is equivalent to the condition (6). ■  
 
Remark 1. For Tx x= , the Theorem 1 and the consequences 1 and 2, according to the same arguments as 
the proof of Consequence 4, imply that into a complete metric space X , a mapping :S X X→ such that it 
satisfies one of the following conditions  

 
( , ) [ ( , ) ( , )] ( , )d Sx Sy d x Sx d y Sy d x yα γ≤ + + , 0, 0,α γ> ≥  2 1α γ+ < , 

3( , ) ( , ) ( , ) ( , )d Sx Sy d x Sx d y Sy d x yλ≤ ⋅ ⋅ , (0,1)λ ∈ ,  
2 2( , ) ( , )
( , ) ( , )

( , ) ( , )d x Sx d y Sy
d x Sx d y Sy

d Sx Sy d x yα γ+
+≤ + , 0, 0,α γ> ≥  2 1α γ+ < ,  

 
has a unique fixed point u X∈ , and exactly that fixed point is the bound of the sequence { }nx  defined as 

1n nx Sx+ = , for 0,1,2,3,...n = , and 0x  is any point on X .  

 

3 Generalization of Chatterjea Theorem 
 
Theorem 2. Let ( , )X d  be a complete metric space, :S X X→  and :T X X→  be continuous, injection 

and sequentially convergent mapping. If 0,α >  0,γ ≥  2 1α γ+ <  and 

 
( , ) ( ( , ) ( , )) ( , )d TSx TSy d Tx TSy d Ty TSx d Tx Tyα γ≤ + +                  (7) 

 

for all ,x y X∈ , then S  has a unique fixed point and for each 0x X∈  the sequence 0{ }nS x  convergences 

to that fixed point.  
 
Proof. Let 0x  be any point on X  and let the sequence { }nx  be defined as 1n nx Sx+ = , 0,1,2,3,...n = . The 
inequality (7) implies the following 

 

1 1 1 1 1

1 1 1

1 1 1

( , ) ( , ) ( ( , ) ( , )) ( , )

( , ) ( , )

( ( , ) ( , )) ( , )

n n n n n n n n n n

n n n n

n n n n n n

d Tx Tx d TSx TSx d Tx TSx d Tx TSx d Tx Tx

d Tx Tx d Tx Tx

d Tx Tx d Tx Tx d Tx Tx

α γ
α γ
α γ

+ − − − −

+ − −

+ − −

= ≤ + +
= +
≤ + +

 

 
therefore,  

 

1 1( , ) ( , )n n n nd Tx Tx d Tx Txλ+ −≤ .                      (8) 
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for each 0,1,2,3,...n =  and 
1

1α γ
αλ +

−= < . Thus, the inequality (8) implies that for all , ,m n n m∈ >N  it is 

true that  
 

1 01
( , ) ( , )

m

n md Tx Tx d Tx Txλ
λ−≤ ,                     (9) 

 
Since 1λ < ,  the latter implies that the sequence { }nTx  is Cauchy sequence. Further, analogously as the 

proof of Theorem 1 we conclude that the sequence { }nTx  is convergent, and further the sequence { }nx  is 

convergent, i.e. it exists u X∈  so that lim n
n

x u
→∞

=  and lim n
n

Tx Tu
→∞

= . Thus,  

 
1 1

0 0 0 0

1 1
0 0 0 1 0 1

1 1 1 0 1

( , ) ( , ) ( , ) ( , )

( ( , ) ( , )) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , ) ( , ).

n n n n

n n n n
n

n
n n n n

d TSu Tu d TSu TS x d TS x TS x d TS x Tu

d Tu TS x d TS x TSu d Tu TS x d Tx Tx d Tx Tu

d Tu Tx d Tx TSu d Tu Tx d Tx Tx d Tx Tu

α γ λ

α α γ λ

+ +

− −
+

− − +

≤ + +

≤ + + + +

= + + + +

 

 
Since 0 1λ< <  and furthermore since T  is continuous mapping, for n→ ∞ it implies that 

( , ) ( , )d TSu Tu d TSu Tuα≤ . But, 1α < , therefore the latter implies that ( , ) 0d TSu Tu = , i.e. TSu Tu= . 

Finally, T  is injection, and therefore, Su u= , that is the mapping S  has a unique fixed point.  
 
Let ,u v X∈  be fixed points onS , i.e. Su u=  and Sv v= . Thus, (7) implies that  

 
( , ) ( , ) ( ( , ) ( , )) ( , ) (2 ) ( , )d Tu Tv d TSu TSv d Tu TSv d Tv TSu d Tu Tv d Tu Tvα γ α γ= ≤ + + = +  

 
and since 2 1α γ+ < , the latter inequality implies that ( , ) 0d Tu Tv = , i.e. Tu Tv= . But, T  is injection, 

therefore u v= . The latter actually means that T  has a unique fixed point and for each 0x X∈  the 

sequence 0{ }nS x  convergences to the unique fixed point on S . ■  
 
Consequence 5. Let ( , )X d  be a complete metric space, :S X X→  and :T X X→  be continuous, 

injection and sequentially convergent. If (0,1)λ ∈  and  

 
3( , ) ( , ) ( , ) ( , )d TSx TSy d Tx TSy d Ty TSx d Tx Tyλ≤ ⋅ ⋅  

 

for all ,x y X∈ , then S  has a unique fixed point and furthermore for each 0x X∈  the sequence 0{ }nS x  
convergences to exactly the above fixed point.  
 
Proof. The arithmetic mean-geometric mean inequality implies that  

 

3
( , ) ( ( , ) ( , ) ( , ))d TSx TSy d Tx TSy d Ty TSx d Tx Tyλ≤ + + . 

 

For 
3
λα γ= = , by applying the Theorem 2 we actually get the above statement. ■  

 

Consequence 6. Let ( , )X d  be a complete metric space, :S X X→  and :T X X→ be continuous mapping 

such that it is injection and sequentially convergent. If 0,α >  0γ ≥ , 2 1α γ+ <  and  

 
2 2( , ) ( , )
( , ) ( , )

( , ) ( , )d Tx TSy d Ty TSx
d Tx TSy d Ty TSx

d TSx TSy d Tx Tyα β+
+≤ + , 
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for all ,x y X∈ , then S has a unique fixed point and for each 0x X∈  the sequence 0{ }nS x  convergences 

to the above fixed point. 
 
Proof. The inequality stated in the above condition implies the inequality (7). Thus, the statement is implied 
by Theorem 1. ■  
 
Consequence 7. Let ( , )X d  be a complete metric space, :S X X→  and :T X X→  be continuous 

mapping such that it is injection and sequentially convergent. If 1
2

(0, )α ∈  and  

 
( , ) ( ( , ) ( , ))d TSx TSy d Tx TSy d Ty TSxα≤ +                  (10) 

 

for all ,x y X∈ , then S has a unique fixed point and for each 0x X∈  the sequence 0{ }nS x  convergences 
to the above fixed point. 
 
Proof. For 0γ =  in the Theorem 2 we get the proof of the above statement. ■ 

 
Example 2. Let ( , )X d  and , :T S X X→  be the metric space and the mappings defined as in the Example 

1. If it exists 1
2

(0, )α ∈  such that for all ,x y X∈  the condition (2) is satisfied, then for 1 1
2

,
n n

x y= =  it is 

true that for each 1n > , 
2

2
2

4 3 1
n

n n
α

+ +
≤  has to be satisfied. The latter is contradictory, thereby the sequence 

2

2
2

4 3 1
{ }n

n n+ +
 convergences to 1

2
. Thus, the Chatterjea Theorem is not applicable for this case. But, it is easy 

to be proven that the mapping :T X X→  satisfies the condition (10). Thus, the Consequence 7 implies that 
the mapping S  has a unique fixed point. ■ 
 
Consequence 8 [2]. Let ( , )X d  be a complete metric space and :S X X→  be such mapping that it exists 

1
2

(0, )α ∈  and for all ,x y X∈  the condition (2) is satisfied. Then S has a unique fixed point.  

 
Proof. Let Tx x= . Thus the Consequence 7 implies the validity of the above statement. ■ 
 
Remark 2. Let Tx x= . By applying the same arguments as in the proof of Consequence 4, the Theorem 2 
and the consequences 5 and 6 imples that in a complete metric space X , any mapping :S X X→  such that 
it satisfies one of the following conditions  

 
( , ) [ ( , ) ( , )] ( , )d Sx Sy d x Sy d y Sx d x yα γ≤ + + , 0, 0,α γ> ≥  2 1α γ+ < ,  

3( , ) ( , ) ( , ) ( , )d Sx Sy d x Sy d y Sx d x yλ≤ ⋅ ⋅ , (0,1)λ ∈ ,  
2 2( , ) ( , )
( , ) ( , )

( , ) ( , )d x Sy d y Sx
d x Sy d y Sx

d Sx Sy d x yα β+
+≤ + , 0, 0α β> ≥ , 2 1α β+ <  

 
has a unique fixed point u X∈ , which is also a bound of the sequence { }nx  defined as the following 

1n nx Sx+ = , for 0,1,2,3,...n = , and 0x  any point on X .  

 

4 Generalization of Koparde – Waghmode Theorem 
 
P. V. Koparde and B. B. Waghmode [6] have proven that, if ( , )X d  is a complete metric space and 

:S X X→  is mapping such that it exists 1
2

(0, )α ∈  so that for all ,x y X∈  the following is satisfied  
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2 2 2( , ) ( ( , ) ( , ))d Sx Sy d x Sx d y Syα≤ + ,                 (11) 
 

then S  has a unique fixed point. In our further considerations, by applying sequentially convergent 
mappings, we will generalize this result.  
 

Theorem 3. Let ( , )X d  be a complete metric space, :S X X→  and :T X X→  be a continuous mapping 

such that it is injection and sequentially convergent. If 0,α >  0,γ ≥  2 1α γ+ <  and  
 

2 2 2 2( , ) ( ( , ) ( , )) ( , )d TSx TSy d Tx TSx d Ty TSy d Tx Tyα γ≤ + +                 (12) 
 

for all ,x y X∈ , then S has a unique fixed point and for each 0x X∈  the sequence 0{ }nS x  convergences 
to the above fixed point. 
 

Proof. Let 0x  be any point on X  and let the sequence { }nx  be defined as the following 1n nx Sx+ = , 

0,1,2,3,...n = . The inequality (12) implies the following 
 

2 2 2 2 2
1 1 1 1 1

2 2 2
1 1 1

( , ) ( , ) ( ( , ) ( , )) ( , )

( ( , ) ( , )) ( , ),

n n n n n n n n n n

n n n n n n

d Tx Tx d TSx TSx d Tx TSx d Tx TSx d Tx Tx

d Tx Tx d Tx Tx d Tx Tx

α γ

α γ
+ − − − −

+ − −

= ≤ + +

= + +
 

 

for each 0,1,2,3,...n = . The condition given the Theorem implies that 
1

1α γ
αλ +

−= < . The latter implies 

validity of the following 1 1( , ) ( , )n n n nd Tx Tx d Tx Txλ+ −≤ , for each 0,1,...n = . Analogously, as the Proofs of 

the Theorems 1 and 2, firstly the sequence { }nTx  is Cauchy, and further it is a convergent sequence. Further, 

the mapping :T X X→  is sequentially convergent and thereby the sequence { }nTx  is convergent, it is true 

the sequence { }nx  is also convergent, i.e. it exists u X∈  so that lim n
n

x u
→∞

=  holds true. Furthermore, the 

continuous of T implies that lim n
n

Tx Tu
→∞

= . We will prove that u  is a fixed point on T . This, 

 

1 1 1

2 2 2
1

2 2 2
1 1

( , ) ( , ) ( , ) ( , ) ( , )

( , ) ( ( , ) ( , )) ( , )

( , ) ( ( , ) ( , )) ( , )

n n n n

n n n n

n n n n

d TSu Tu d Tu Tx d Tx TSu d Tu Tx d TSx TSu

d Tu Tx d Tx TSx d Tu TSu d Tu Tx

d Tu Tx d Tx Tx d Tu TSu d Tu Tx

α γ

α γ

+ + +

+

+ +

≤ + = +

≤ + + +

= + + +

 

 

for each n∈N . For n → ∞ , the latter is transformed as the following ( , ) ( , )d TSu Tu d TSu Tuα≤ . But, 

1α < . Therefore, ( , ) 0d TSu Tu = . Now, one more time as in the proof of Theorem 1 we get that u  is a 

fixed point on S .  
 
Let ,u v X∈  be two fixed points on S , i.e. Su u=  and Sv v= . Then (4) implies the following 

 
2 2 2 2 2

2 2 2 2

( , ) ( , ) ( ( , ) ( , )) ( , )

( ( , ) ( , )) ( , ) ( , )

d Tu Tv d TSu TSv d Tu TSu d Tv TSv d Tu Tv

d Tu Tu d Tv Tv d Tu Tv d Tu Tv

α γ

α γ γ

= ≤ + +

= + + =
 

 
and since 0 1γ≤ <  the latter inequality implies that ( , ) 0d Tu Tv = , i.e. Tu Tv= . But, T  is injection, and 

thus u v= . That actually means that T  has a unique fixed point. Finally, the arbitrariness of 0x X∈  and 

also the above stated, imply that for each 0x X∈  the sequence 0{ }nS x  convergences to the unique fixed 

point on S . ■ 
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Consequence 9. Let ( , )X d  be a complete metric space, :S X X→  and :T X X→ be continuous 

mapping such that it is injection and sequentially convergent. If 1
2

(0, )α ∈  and  

 
2 2 2( , ) ( ( , ) ( , ))d TSx TSy d Tx TSx d Ty TSyα≤ +                 (13) 

 

for all ,x y X∈ , then S has a unique fixed point and for each 0x X∈  the sequence 0{ }nS x  convergences 
to the above fixed point. 
 
Proof. For 0γ = , the Theorem 3 implies the validity of the above statement. ■ 

  
Consequence 10 [6]. If ( , )X d  is a complete metric space and :S X X→  is such mapping that it exists 

1
2

(0, )α ∈  and for all ,x y X∈  the condition (11) is satisfied, then S  has a unique fixed point.  

 
Proof. For Tx x=  in the Consequence 9 we get the proof of the above statement. ■ 
 
Example 3. Let ( , )X d  and , :T S X X→  be the metric space and the mappings defined as in the Example 

1. If it exists 1
2

(0, )α ∈  such that for all ,x y X∈  the condition (11) is satisfied, then for 1 1
1 2 1
,

n n
x y− −= =  it 

is true that for each 1n > , the inequality 
2 2

2 2

( 1) (2 1) 1
24(2 1) ( 1)

n n

n n
α− −

− + −
≤ <  has to be satisfied, which is contradictory. 

Thus, the Koparde and Waghmode Theorem is not applicable when solving this problem. The mapping T  is 
continuous, injection and also sequentially convergent and for all ,m n∈N , n m>  it is true that  

 
2 21 1 1 1 1 1 1

6
| ( ) ( ) | 2(| ( ) ( ) | | ( ) ( ) | )

n m n n m m
TS TS T TS T TS− ≤ − + − , 

 
i.e. 

 
2 2 21 1 1 1 1 1 1

18
| ( ) ( ) | (| ( ) ( ) | | ( ) ( ) | )

n m n n m m
TS TS T TS T TS− ≤ − + − .  

 
Furthermore, for each n∈ N  the following holds true  

 
2 2 21 1 1 1

36

2 21 1 1
18

| (0) ( ) | (| (0) (0) | | ( ) ( ) | )

(| (0) (0) | | ( ) ( ) | ).

n n n

n n

TS TS T TS T TS

T TS T TS

− ≤ − + −

< − + −
 

 

Thus, for 1
18

α =  the inequality (13) is satisfied. So, the Consequence 9 implies that the mapping S  has a 

unique fixed point. ■ 
 
Remark 3. Let Tx x= , in the Theorem 3. By applying the same arguments as in the proof of Consequence 
4, it is true that in a complete metric space X , any mapping :S X X→  such that it satisfies the following 
condition 

 
2 2 2 2( , ) ( ( , ) ( , )) ( , )d Sx Sy d x Sx d y Sy d x yα γ≤ + + , 0, 0,α γ> ≥  2 1α γ+ < , 

 
has a unique fixed point u X∈ , which is actually the bound of the sequence { }nx  defined as the following 

1n nx Sx+ = , 0,1,2,3,...n = , for any point 0x  on X .  
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5 Conclusion 
 
In the above consideration, by applying the sequentially convergent mappings we have proven several 
generalizations of already known theorems about fixed point in a complete metric space. Further, we proved 
that many already known theorems in the theory of fixed point are implied by the obtained results in this 
paper. It is naturally to wonder do any other similar generalizations hold true for the already known 
theorems about common fixed points on two different mappings in a complete metric space and is it true that 
analogously other results might be generalized, such the results proven in [7–10].  
 

Competing Interests 
 
Authors have declared that no competing interests exist. 
 

References 
 
[1] Kannan R. Some results on fixed points. Bull. Calc. Math. Soc. 1968;60(1):71-77.   
 
[2] Chatterjea SK. Fixed point theorems. C. R. Acad. Bulgare Sci. 1972;25(6):727-730.  
 
[3] Banach S. Sur les operations dans les ensembles abstraits et leur application aux equations integrals. 

Fund. Math. 1922;2:133-181.  
 
[4] Branciari A. A fixed point theorem of Banach-Caccippoli type on a class of generalized metric 

spaces. Publ. Math. Debrecen. 2000;57(1-2):45-48.  
 
[5] Moradi S, Alimohammadi D. New extensions of kannan fixed theorem on complete metric and 

generalized metric spaces. Int. Journal of Math. Analysis. 2011;5(47):2313-2320.  
 
[6] Koparde PV, Waghmode BB. Kannan type mappings in Hilbert space. Scientist Phyl. Sciences. 1991; 

3(1):45-50.  
 
[7] Ćirić Lj, Samet B, Aydi H, Vetro C. Common fixed points of generalized on partial metric spaces and 

application. Applied Mathematics and Computation. 2011;218:2398-2406. 
 
[8] Karapinar E, Nashine HK. Fixed point for kannan type cyclic weakly contractions. Journal of 

Nonlinear Analysis and Optimization. 2013;4(1):29-35. 
 
[9] Parvaneh V. Some common fixed point theorems in complete metric spaces. 2012;76(1):1-8. 
 
[10] Shatanawi W, Al-Rawashdeh A, Aydi H, Nashine HK. On a fixed point for generalizaed contractions 

in generalized metric spaces. Abstract and Applied Analysis; 2012. Article ID 246085: 1-13. 
_______________________________________________________________________________________ 
© 2016 Malčeski et al.; This is an Open Access article distributed under the terms of the Creative Commons Attribution License 
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided 
the original work is properly cited. 
 
 
 
 

Peer-review history: 
The peer review history for this paper can be accessed here (Please copy paste the total link in your 
browser address bar) 
http://sciencedomain.org/review-history/14789 


