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Abstract

In this work, the second order nonlinear ordinary differergglation is implemented as an auxiliary
equation. For illustration, the generalized Hirota-Satswmapled KdV equations are considered [for

constructing traveling wave solutions by applying a me#ension of so calle@G ! G) method. As a

result, many new traveling wave solutions have been gttewith many arbitrary parameters. The
obtained solutions also show the wider applicability of this egtended method for handling nonlingar
evolution equations. The numerical results are alscridbes! in the figures.

Keywords: New extension (JG ! G) -expansion methodxact solutions; the hirota-satsuma coupled KdV

equations; auxiliary equation; nonlinear ordinary differential edomf traveling wave
solutions.

1 Introduction

The study of coupled nonlinear partial differential equati®BESs) is one of the main themes in nonlinear
science. Due to important applications of nonlinear eimiuequations (NLEES) in real world problems, it
is required to construct new analytical solutions. In pddicuhe construction of analytical solutions for
coupled nonlinear equations play an important role in kngwiatts that are not simply understand by
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common observations. In the past several decades edyafipowerful methods have been introduced, such
as the Bcklund transformation method [1], the Hirota’'s bilinear meth@ld the inverse scattering method
[3], the Jacobi elliptic function method [4,5], the tanlthcmethod [6], the F-expansion method [7], the exp-
function method [8,9] the modified simple equation method [10,11hdh@ogeneous balance method [12],
Adomian decomposition method [13,14] and so on.

Recently, Wang et al. [15] introduced baé@' / G) -expansionmethod and has become widely used to

generate exact solutions of NLEEs. This method is basedeocond order linear ordinary differential
equation (ODE). Afterwards, a group of scientists apgl&simethod to investigate various nonlinear PDEs
for constructing traveling wave solutions. Bekir [16] applieis method to the Boussinesq equation, the
modified Zakharov-Kuznetsov equation and the Konopelchenko-Dubragkations in the same research
paper. Aslan [17] constructed the analytical solutions by applyis method to the modified Degasperis-
Procesi equation, the Burgers-KdV equation and the modifiedaBémBona-Mahony equations while
Zayed [18] studied higher dimensional some nonlinear evol@iprations, such as the (3+1)-dimensional
YTSF equation, the (3+1)-dimensional shallow water equatibe, (3+1)-dimensional Kadomtsev-
Petviashvili equation, the (3+1)-dimensional KdV-Zakharov+kaigov equation and the (3+1)-diemsional
Jimbo-Miwa equation via the same method to establish es@lations. Naher et al. [19] constructed
abundant traveling wave solutions of the higher-order Catldoeld-Gibon equation via this powerful
method.

In order to show the effectiveness of the ba(s@'/G) -expansionmethod and the use of wider

applicability, further research is carried out by a ritdiss of scientists. For instance, Zhang et al. [20]
extended the(G'/G) method as the improveQG'/G) -expansion method. Subsequently, many

researchers studied various nonlinear PDEs to constawveting wave solutions [21-27].

Moreover, Akbar et al. [28] introduced the generalized angroved (G'/G) -expansion method.

Consequently, Naher et al. [29] implemented this metbabnstruct traveling wave solutions of the (3+1)-
dimensional nonlinear PDE. Furthermore, Khan et al. [308#jexd some nonlinear PDEs via the enhanced

(G' / G) -expansiommethod.

The present work is based on the nonlinear ODE as anapélguation with many arbitrary parameters to
produce many new traveling wave solutions. To illusttagepower of this new extended method, we apply
to the generalized Hirota-Satsuma coupled KdV equations.

2 Description of the Method

The general nonlinear PDE is considered as below:
Q(U Y. Y. 4, Yy, Yy) = O, (1)

where U = u( X t) is an unknown functionQ is a polynomial inu(X, t) and its partial derivatives in
which the highest order derivatives and nonlinear terms are irdolve

The algorithms of new extension with nonlinear ODE as auxigguation is as follows:

Step 1: Suppose that the combination of variablesandt by a new variablef
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u(xt)=u(é), &=xtwt @

whereV is the speed of the travelling wave. Now using travglivave transformation Eq. (2), Eq. (1) is
transformed into ODE fotl = u({) :

F(uu,u"d,.)=0 (3)

where F is a function ofu (E) and its total derivatives.

Step 2: IntegratingEqg. (3) (whenever possible). For simplicity, the integoaistant may be zero.
Step 3. Suppose that the travelling wave solution of Eq. (3)lmexpressed as follows:

u(§)=3 4 (d+ 61 g, @

j=0

where Q,, #0,andG = G(f) satisfies new second order nonlinear ODE:
GG'= AG+ BGG+ d O, (5)

where prime denotes the derivative with respecf toA, B and C are real parameters.

Step 4. The positive integefM can be determined as considering the homogeneous balanaehehe
highest order derivatives and the nonlinear terms appeariEq. (3).

Step 5. Substituting Eq. (4) along with Eq. (5) into Eq. (3) with tiadue of M which obtained in step 4, we
obtain polynomials ir(d + G'(f)/ G(f))m (m:0,1,2,..). Then collecting each coefficient of the
resulted polynomials to zero, yields a set of algebegjoations ford, ( j=0,1, 2,...m) d,ABC
andV.

Step 6. Solving the system of algebraic equations which werer@ian step 5. Suppose that the value of

constantsa,; ( ] :0,1,2,...m) d andV can be obtained by solving the algebraic equations obtained in

step 5. Then, substituting the values of constants togedttelgeneral solutions of Eq. (5) into Eq. (4), we
obtain new travelling wave solutions of the nonlinear (&Y.

The difference between bas(G ! G) method and this new extension of t(@'/ G) method with a
particular nonlinear ODE (Eq. 5) is used as an auxiliarytémuanstead of linear ODE.

It is significant to point out that the solutions of H§) for (G'/ G) in the forms of the hyperbolic
function, the trigonometric function and the rational formgiasn below:

Family 1: Hyperbolic Function Solutions, when B # 0, Q = B? +4A(1— C) >0,¥=1-C,
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(6)

o) s eSS

==

where C; andC, are arbitrary constants.

When andA = WA>0,

B=0,Ww=1-C
C smh[\/Z {]+ C, COSVE\/E E]

U S %)

()

where C; andC, are arbitrary constants.

Family 2. Trigonometric Function Solutions, when B # 0, Q = B? +4A(1— C) <0,

-C,sin &|+C,co f
w=1-C, (EJ_ZB e (

G CCO{ ]c{ ]

where C, and C, are arbitrary constants.

(8)

WhenB=0,¥Y =1-C and A = WA<DO,

VB ) e ood B
(E Ny Csm[ {j C, co{ m EJ o

G C co{fj+c sn‘(\/q?fj |

where C; andC, are arbitrary constants.

Family 3. Rational Form Solution, whenB# 0, Q = B? +4A(1— C) =0,¥=1-C

283
G) 2¥ C+C¢&’

where C; andC, are arbitrary constants.
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3 Application of the Method

In this section, we propose to illustrate new extensior’n@(G'/ G) method by implementing it to the
Hirota-Satsuma coupled KdV equations.

The Hirota-Satsuma coupled KdV equations are [32]:

U, —%uxxx+3uux—3( w) =0, (11)
Vv, +V,,, —3uy, =0, (12)
W+ W, —3uw = 0. (13)

Now using the travelling wave transformation Eq. (2) itp (11) to Eq. (13), yield:

-V u'—% o +3ud-3( Wy =0, (14)
-V V+V-3uv=0, (15)
-V w+w -3uw=0. (16)

Taking the homogeneous balance betwdehand U" in Eq. (14);uV and V" in Eq. (15); anduw and
W" in Eq. (16); yieldm =2, m, =2 and M, = 2. Thus the solutions take the form:

u=a+a(d+( 61 )+ al (& 9. )
v=y+h(d+(G/ Q)+ b( dr( & G, (R
w=c+g(d+(G/ G)+ ¢( & ( & Q) (19)

where a,,a,,8,,b,h,h,¢C, GG andd are arbitrary constants to be determined. Substituting Eq
(17) to Eg. (19) together with Eq. (5) into Eqg. (14) Eq. (16), the left-hand side is converted into

polynomials in(d+G’(£)/G(£))m (m=0,1,2,.). Collecting the coefficients of like power of these

polynomials to zero; yield a set of algebraic equationsgg d,, &, bz, q, Q, G, G G d A B @ndy.

The above systems of algebraic equations have been safkgields one set of solutions with many
parameters.
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2 4
A (8dc- m- 29 b=

=4W? g =-4¥( B+ 2d¥) ,h=
a, a ( ).b S q

_ 20
q:%(mzdw),d: d (20)

1 [24c,d’W*-16c, AV?+ 24c dBV? - 24g dB@ + 2¢ BY?
8c,W? | +12c,CW? +12¢,C° + 36,CGY - 39 é— 12¢ ’

whereW =1-C,a,,y,C,, G, d, A Bind C are free parameters.

Hyperbolic Function Solutions: When B# 0, Q = B? +4A(1— C) >0, W =1-C, substituting Eq.
(20) together with Eq. (6) into Eq. (17) to Eqg. (19) andradimplifying the solutions become @f:l =0but
C, # 0) respectively:

u(x 1) = 8 -{ B -Qcottf (v 12v)¢)+ adv( B+ W)} ,

IR S

w(xt)=¢- (‘2{4$2( B"—Qcothz((x/a /2~P)E))+ {%+ dj} :

where & = X—

1 [240,d"W*-160 AP+ 24 dBK? - 245 dB@ + 20 BY|
8c,W? | +12c,CW? +12¢,C* + 36¢, GV — 33 &— 12¢ '

Moreover, substituting Eq. (20) together with Eq. (6) ingp @7) to Eq. (19) and simplifying, the travelling
wave solutions become (€, =0but C, # 0) respectively:

uz(x,t)zao—{ Bz—Qtanhz((x/E /2~P)f)+ 409 ( B+ dP)} ,

sl {3 o 0 )

{BZ—QtanhZ((\/a /zv)5)+ 409 ( B dv)} ,

WZ(X,t)=CJ—

c,
(2w)’

When B=0,W =1-C,A =WA> 0, substituting Eq. (20) together with Eq. (7) into Eq. (17) to(E8)
and simplifying, the generated solutions becom@gif: Obut C2 # 0) respectively:
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= 30—4{\/3 coth((«/Z /W)E)( B-VA cotl'((x/z H’)f))* av( Bt dp)}

v (xt)=hy+ l]{ d+%coth£%{}+ Q{ d+% cot{%{]}

wixl—ons {choth(giz /w)f)( B/ coth{(va /w)e))+ c{% dj} .

Furthermore, substituting Eqg. (20) together with Eq. (1% Bq. (17) to Eq. (19) and simplifying, the
generated solutions become @, =0but C, # 0) respectively:

n(x0)= 40 ( B o) 8B (VB w)e)ra( + sec(va ¥)e))

w(x)= q+n{d+—“"”r{ j} {mﬂtn'EiEJF

_._dg
w, (X t)= %_F( B+ d¥)- { B\/_tanh((x/_ /LIJ) ) (1 secﬁ((\/_ lAJ) ))}
Trigonometric Function Solutions: When B#0,Q = B? + 4A( 1- C) < OW =+ C substituting

Eqg. (20) together with Eq. (8) into Eq. (17) to Eq. (19) @nphfying, the solutions become (€, = Obut
C, #0) respectively:

s (% t) = 30—[ Bz+Qcot2((\/5/2LP)f)+ 4d¥( B+ dl—')} ,

v(x)=h+ q{ d+$[ B+ Vﬁcot[ﬁf]}}+ 9{ d+—2l1P£ B Vﬁco{*/j fD}z ,

[B?+Q(csé((@/zv 9{_+ dj

WS(Xft):

Again, substituting Eqg. (20) together with Eq. (8) into Eq. (17Edo (19) and simplifying, the travelling
wave solutions become (€, =0but C, # 0) respectively:

ue(x,t):ao—{ BZ+Q(se6((\/5 /ZP){)— ;}— 4Y( B+ db)
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()= w{ w(BH/EZta J_JJ} 9{ zp[a-ft x/_QN}

[B?+Qtan2((@/zu 9{—+ dj

WG(Xft):

When B=0,¥ =1-C ,A = WA< 0, substituting Eq. (20) together with Eq. (9) into Eq. (t7Eq. (19)
and simplifying, the solutions become @, = Obut C, # O) respectively:

:30-4{iBJZcot((\/E /lP)E)—A cof((ﬁ NJ)E)+dW(B+ le)} |
v, (x 1) = Q+Q{d+£cot(£EJ}+9{d+£ {%EJ}

w (%)= q)—czd( T ) _ica:éZ{ Bcot((ﬁ /lP)E)— WA cof((ﬁ /W)E)}

Further, substituting Eq. (20) together with Eq. (9) into @) to Eqg. (19) and simplifying, the solutions
become (ifC, =0but C, # 0) respectively:

sin((v=5 1¥)¢)
cos((ﬁ /W){)

ug(x,t)=a0+4ix/K{B +ix/K(sec2((ﬁ/LP)£)—J)}—4le(B+ aw)

e o o

o8 Bsin| (V-0 /w)¢) cof{v-2 #)¢] +iva sif((v=a )¢] |
co§((x/—_A /LIJ) f)

w(x)=6 -2 B 0¥) +2

Rational Form Solutions When B# 0,Q = B* + 4A( 1- C) = 0¥ =} C substituting Eq. (20)
together with Eq. (10) into Eqg. (17) to Eq. (19) and sifyiplg, the solutions become respectively:

Ug (% t)=a—4d¥P( B+ dP)—{ B—(éfﬂ;jz},
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Vo(xt)=h+ |q[d+£+—C2 g(j+ l;( TR ] :

2¥ C,+C, ¥ C+CE
d BY (2cw Y
wo(x )= G="25(B+ a¥)- (Ej —(C%EJ ,

where C; and C, are arbitrary constants and

X_24czd2lP4—16czAlJ2+ 24c, dBP? - 24g dB@ + 2¢ BP*+ 120 @ %+ 12c & 36cE- 3ble 12¢

¢= 8c,W?

4 Results and Discussion

4.1 Comparisons

Many researchers studied the Hirota-Satsuma coupled KdV egsidty using various approaches. For
example, Yu et al. [33] solved these equations via tkehielliptic function method. Abbasbandy [34]
implemted the homotopy analysis method to investigate the eaumions whilst Zuo and Zhang [32]

studied these equations by applying the bzéﬁ‘l/G) -expansion method. Good agreement has been

noticed between presently generated solutions and publishelts resuhe open literature. The newly
constructed solutions are compared with the solutionsst#n [17]; Zuo and Zhang [32]; and Aslan and
Ozis [35] as below:

@i If A andB are replaced bf—,u) and(—A) respectively andC =0 in Eq. (5), the nonlinear
ODE coincides with the linear ODE (4) of Aslan [17],

(i) If d =0, the Egs. (17), (18) and (19) identical with Eq. (9) of A$laf],

@iy If A takes(—,u) and B takes(—/‘) andC =0 in Eq. (5), the nonlinear ODE coincide with
the linear ODE (4) of Aslan and Ozis [35],

(iv) If d =0, the Egs. (17), (18) and (19) identical with Eq. (7) of Aslad Ozis [35],

(v) If A andBare replaced b(—,u) and (—/1) respectively andC =0 in Eq. (5), the nonlinear

ODE coincides with the linear ODE (3.7) of Zuo and Zhang [8BE similarities are also found
with Zuo and Zhang [32] as follows:

« 1f d =0, the hyperbolic function solutiond, and U, identical with the solution Eq. (3.36),

The solutionsV, andV, coincide with the solution Eq. (3.37) wheh=0,

If d =0, the hyperbolic function solutiond/ and W, identical with the solution Eq. (3.38).

4.2 Numerical Results

Some obtained solutions are visualized in figures as follows:
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Fig. 1. Kink solution of V,(x t) for A=1x10",B=1C= 0.5¢ = 1= 0.1g= 2 I0 ¢= 1,
£=x-0.96t with -8<x,t<8.

Fig. 2. Solitonsof w, (X t) for A=0.75,B= 0C= 055 = % 10 ¢= 4 10 h= 0 10 ,
d=1x10*, & = x+1.5t with -3<x,t< 3.

5 Conclusion

A new extension with a particular nonlinear ODEaasiliary equation has been successfully applieth¢o
generalized Hiroa-Satsuma coupled KdV equationsaAssult many new travelling wave solutions are
obtained and some of the obtained solutions argowmd agreement with those obtained by the basic

(G' / G) -expansion method based on some values of paranbtereover, the constructed solutions show

that the performance of new extension with a paldicnonlinear ODE as auxiliary equation is effeetand
more general and can produce abundant new solutithanany arbitrary parameters.In addition, sorfie o
the solutions are illustrated in the figures.
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