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Abstract

The most challenging limitation of the ratio estimation is that of deriving variance estimator that admits
more than two auxiliary variables. This paper introduces a new calibration weights that prompt the
formulation of a multivariate ratio estimator by the calibration tuning parameter subject to a pooled-
calibration constraint. Analytical framework for deriving variance estimator that admits as many auxiliary
variables as desired is developed. The efficiency gains of the proposed estimator vis-a-vis the Generalized
Regression (GREG) Estimator are studied through simulation. Simulation results proved the dominance
of the new proposals over existing ones.

Keywords:  Calibration estimation; efficiency, ratio estimator, Generalized Regression (GREG)
Estimator, stratified sampling.

Mathematics Subject Classification: 62D05; 62G05; 62H12.

1 Introduction

[1] first introduced the ratio estimation in survey sampling. It is well known that the ratio [and product]
estimators have the limitation of having efficiency not exceeding that of the linear regression estimator.
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Consequently, since the discovery of ratio method of estimation; many authors have come up with various
degrees of modifications of the ratio estimator for better performances. These authors include [2-13] among
others.

In the progression for improved ratio estimators, [14] advocated the use of multiple auxiliary variables and
proposed multivariate ratio estimator in simple random sampling. Following [14] estimator several other
estimators using multiple auxiliary variables have been proposed by Researchers in Survey Theory. [15] has
extended [14] estimator to the case where auxiliary variables are negatively correlated with the variable
under study. Other authors [16-18] have equally proposed multivariate ratio estimators of various forms in
survey sampling. The main objective of presenting these estimators was to reduce the bias and mean square
errors.

[19] observed that most of these alternative ratio estimators depend on some optimality conditions that are
hardly satisfy in practice and advocated the use of calibration estimation to address these problems. [20] first
presented calibration estimators in survey sampling and calibration estimation has been studied by many
Researchers in Survey Theory. A few key references include [21-29].

Several, related literature reviewed showed that tremendous work have been done on calibration estimation
under the univariate ratio and univariate regression methods of estimation and much more on the
multivariate regression estimation [ see 30-32], but the theory of calibration estimator for multivariate ratio
estimation is not well known.

Consequently, this paper is an attempt at developing the theory of calibration estimator for multivariate ratio
method of estimation in simple random sampling without replacement (SRSWOR) and stratified random
sampling designs by introducing new calibration weights that prompt the formulation of multivariate ratio
estimators by the calibration tuning parameter subject to a pooled-calibration constraint.

2 Basic Definitions and Notations

Consider a finite population U = (ULUZ, s UN) of size (N). Let (X) and (Y) denote the auxiliary and study
variables taking values X; and Y; respectively on the ith unit U;(i = 1,2, ..., N) of the population. It is
assumed that (x;,y;) = 0, and information on the population mean (X) of the auxiliary variable (X) is
known. Let a sample of size (n) be drawn by simple random sampling without replacement (SRSWOR)
based on which we obtain the means (%) and (¥) for the auxiliary variable (X) and the study variable (Y).

Let the population [U = (ULUZ, ey UN) of size (N)] be divided into H strata with N}, units in the hth stratum
from which a simple random sample of size n, is taken without replacement. The total population size be
N =YH_| N, and the sample size n = Y_, n,, respectively. Associated with the ith element of the hth
stratum are y,; and x; with x;; > 0 being the covariate; where yy; is the y value of the ith element in
stratum h, and Xxj; is the x value of the ith element in stratum h, h = 1,2,...,H and i = 1,2, ..., N,,.

For the hth stratum, let W}, = Nj, /N be the stratum weights and f, = n;, /N, the sample fraction.
Let the hth stratum means of the study variable Y and auxiliary variable X

(Fn =2 yni/nn s Xn = Sk xpi/n,) be the unbiased estimator of the population mean (¥, =
[=1NhyhilVh ; Xle=i=1N/x/iiV/z of ¥ and Xrespectively, based on 7/ observations.

1 «N = 1 «Np - = 1 «N =
Si%xl- = mzizhl(xhi — Xn)?; S}%y = mZéﬁ()’n -2 s thiy = mZiz’ﬁ(xm = Xpni)

Vh, Shxixy= 1IN/~ 1i=1Nlxti—Xhi xly—Xj xist=h=1HWhxtii and yst=hH=1HW/yt.
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3 Review of Existing Multivariate Estimators in Sampling Survey

This section gives a review of some existing multivariate estimators in survey sampling literature that are
relative to this study under the simple random sampling and the stratified random sampling designs.

3.1 Simple random sampling

3.1.1 Generalized Regression (GREG) estimator
[33], proposed the regression estimator using single auxiliary information. [34] introduced the Generalized
Regression (GREG) Estimator while [35] studied the properties of the GREG estimator by [34] and
postulated that the GREG estimators are bias-robust.
The concept of calibration estimators proposed by [20] is simply a class of linearly weighted estimators, of
which the Generalized Regression (GREG) estimator is a special member. [20] have shown that all

calibration estimators are asymptotically equivalent to the GREG-estimator.

The GREG-estimator under the simple random sampling design is defined as:

Yoree = Yur + (Z X — Z dkxk) B (@Y)

with variance estimator given as:
P (Torec) = ). Y @iy = du) (guei — gre) @
S
where

Yyr = Y diy; is the Horvitz-Thompson-type estimator,

B=Qdicxixi) (X dicrxryy) is a vector of regression coefficients obtained by fitting the regression

of y on x using the data (y, x;) for the element k € s, x;, = (xlk, s Xjs ...,x],()' is a column vector,
dy = 1/m; is the sampling design weights where 1), is the inclusion probability [, = Yyes P(S); 7 >
0 V k], ¢ is the tuning parameter [(always specified by the Survey Statistician) for this work ¢, = 1 V k],
Ik =1+ (X xp — Y dpxs) (C dicrxiex )" x, is the weighting factor and e, =y, — x;,'B is the
residual.

3.1.2  Isaki (1983) multivariate regression estimator

The [36] multivariate regression estimator in simple random sampling is given by
Siir = 533 + Z Bi(sﬂgi - S’?i) )
i

with variance estimator given by:
V(Sir) =V(S2) + XiBF V(S2) — 2% B;Cov(SE, S2)
+ Z B;B;Cov (S,?i,S,?j) 4)

i#j
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3.2 Stratified random sampling

3.2.1 Generalized Regression (GREG) estimator

The GREG-estimator under the stratified random sampling design is defined as:

Yt orec = Ysenr + (Z Xk — Z dkxk) B, %)

with variance estimator given as:

H
P(Ruonec) = ). Nivash, ©)
Where

N . . . 1 1 2,
Yot ur = X diYniis the Horvitz- Thompson —type estimator, Sezhk = (gkek - n—Z gkek) is the stratum
h= n

variance of the residual ey, ex =y, — Xk Bse, g = 1+ (X xp — T diexp) (X diCrexpxy ) 1xy is the
weighting factor, By, = (X dy XX )™t (X dicuXiYni) is a vector of regression coefficients obtained by

fitting the regression of y on x using the data (yy, x;) for the element k € s, x;, = (xlk, e Xjks ...,x],()' is a
column vector, d; = 1/m;, is the sampling design weights where 1), is the inclusion probability [, =
Ykes P(s); mp > 0 V k], ¢ is the tuning parameter.
3.2.2 Isaki (1983) multivariate regression estimator
The multivariate regression estimator in stratified random sampling established by [36] is given by
H
St =Sk + ) BuilSh, = ) @
h=1

with variance estimator given by:

v(SAIEIR) = V(Si%y) + Zlf-llzl Bfli V(Si%xi) -2 Zli.{:l BhiCOU(S}%y, Si%xi)
+ iy BuiBnj Cov (S22, (8)

4 The Proposed Multivariate Ratio Calibration Estimator

The calibration estimator for the stratified random sampling is defined by [37] as given by:
Yse(Tr) = X Wivy (€C)]
where W' is the calibration weights which minimizes given calibration constraint(s).

Motivated by [37], let the suggested Multivariate Ratio Calibration Estimator be defined by:
H
Tiw =) 4" (10)
h=1

where ¢* is the pooled-weights called the Design- Calibration Weights.
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Let W and Wy; denote respectively, the calibration weights and the stratified sampling design weights
associated with the ith auxiliary variable, so that the pooled-weights ¢* is defined by:

D
b= D W W (n
i=1

where W, is chosen such that the loss function L(W,;, W},) defined by

e W - w2
LWy, Wy) = TWoon 12)

h=1

is minimized while satisfying a pooled- calibration constraint defined by

Zp:iwﬁfhi = Zp:Xi (13)

where W), is the stratum weights defined by W), = N, /N, Qy; is the calibration tuning parameter, X; is the
sample stratum mean of the ith auxiliary variable and X; is the population total of the ith auxiliary variable.

Minimizing the loss function (12) subject to the pooled-calibration constraint (13) gives the calibration
weights as:

P P H
Wy, QpiXn; _
W;; == Wh + — ZX - Z thh' (14)
b Y WhQni%7 = b '

i=

Substituting (14) in (11) and the subsequent results in (10) while setting Qp,; = (Xp,;) ~* gives the proposed
Multivariate Ratio Calibration Estimator of total in stratified random sampling as:

p
?n;R = Z Whi RiX; (15)
i=1 _
R — h=1 WpIn
b Zhe Wakn
So that
?I\ZR = Wthle + thRzXz + Wh3R3X3 + A + WhpRpo (16)

4.1 Estimator of variance for the proposed estimator

The most challenging limitation of the ratio estimation is that of deriving variance estimator that admits
more than two auxiliary variables. Many authors have proposed various forms of multivariate ratio
estimators in sample surveys [see 15,17,18,38] among others] but their estimator of variance admit only two
auxiliary variables (that is , bivariate ratio estimators).To derive estimator of variance that would admits as
many auxiliary variables as desired, this paper adapts the variance estimation approach developed by [29]
for the univariate ratio calibration estimator to multivariate ratio method estimation.

Let the multivariate ratio estimator of total under an ideal condition (without calibration) be defined by:
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?MR = z N)_’Ri 17)

So that

7(Pur) = Z N7 (3z,) (18)

Similarly, let the multivariate ratio estimator of total under the calibration estimation be defined by:

14
Tiw = ) N (19)
i=1
So that
14
?(%i) = ) N*0(57,) (20)
i=1

The estimator of variance of the conventional combined ratio estimator by [1], in stratified sampling is
given by:

H
‘7(3_’&-) = Z WRYnSn (21)
h=1

where S, = (S%, + R*SZ — 2RSpy)

Let the estimator of variance of the proposed multivariate ratio calibration estimator under the stratified
sampling be defined by:

H
P(7h) = D WiZen ik (22)
h=1

where @}, is the new calibration weights, chosen such that the loss function L(¢@y, y,) defined by

H
(on — vn)?
Lpnyn) = ) ——" (23)
&= Vn9ni

is minimized while satisfying the pooled-calibration constraint of the form:

P H 14
DD ouske =) Sk, @9
i=1 h=1 i=

where s,fxl.and S,fxiare known sample stratum variance and population stratum variance of the ith auxiliary

variable (X;) respectively, qp,; is the new calibration tuning parameter and y; = (ni - NL)
rn Np
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Minimizing the loss functions (23) subject to the calibration constraint (24) gives the new calibration
weights for the variance as

T P P H
hniShx;

Prp=Ynt - ZSZi—Zthszi (25)
Zlezgzl thhis;:‘xi [i=1 hx n hx

Substituting equation (25) in equation (22) and setting qp,; = sgfi gives

W2y, Siz
V(J’R) Z W2VnS, Zh - hSyh = [Zshx Zshxl] (26)

hx;

&2 _ yH 2
where Spy, = Yh=1 VhShx,

By setting Qp; = (X4;)”! in equation (14) and substituting the results in equations (26) and (20)
respectively; gives the estimator of variance of the proposed multivariate ratio calibration estimator of total
as:

H
P(%in) = D NETa St @7)
h=1
Where Sl;%l = (Si%y + Zl?:1 Rizsf%xi -2 le:1 Rishxiy +2 Zi#:j RiRjthl-xl-)7

1 1 — _ 5 —
Yn = (— - —), R = Y ho1 Waln/Th=1 Whni, X; = Zh=1 WpXp;

np Np

Dy 3P
T= <Z‘=xf ),s" (Zp Shzx ‘), Wy, [= Np/N] is the stratum weights and SthXj is the population stratum
i i=1hx;

covariance between the ith auxiliary variable and the jth auxiliary variable, Sy, is the population stratum
covariance between the ith auxiliary variable and the study variable and S,fy is the population stratum
variance of the study variable.

It should be noted here that T and ¢ are the precision factors attributed to the pooled-constraints of equations
(9) and (20) respectively.

Under an ideal condition the estimator of variance of the multivariate ratio estimator of total in stratified
random sampling is given by:

V(Pur) = ZNhyh Shy+ZR She, — ZZ Rthy+ZZRRthx] (28)
i#j

Under the calibration estimation, the estimator of variance of the multivariate ratio estimator of total in
simple random sampling without replacement (SRSWOR) is given by:

V(Tgr) = N?72¢y SZ+ZR 52—22 RSxy+ZZRRSxx (29)

i#j

Where,
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= (D) R=y/8. R =T T = I e (25 g o Jati i
y=(—5) =¥/ X=X % 1= st T\ILs, ) S is the population covariance
between the ith auxiliary variable and the jth auxiliary variable, Sy, is the population covariance between

the ith auxiliary variable and the study variable and S is the population variance of the study variable.

Similarly, under an ideal condition the estimator of variance of the multivariate ratio estimator of total in
simple random sampling without replacement (SRSWOR) is given by:

P

N 14

V(Yur) = N?y[S2 + Z RSz -2 Z ) RS,y +2 Z RiR;Sy.x;] (30)
i=1 =

i#j
5 Empirical Study

An empirical study was carried out to estimate the population total of a simulated population and compare
the performance of the proposed estimator to that of GREG-estimator.

5.1 Background and analytical set-up

A population (yy and xp; i = 1,2,3,4), which has 8 strata in which each stratum differs from others was
simulated. The difference was achieved by using different error terms e,. An assisting model of the form:
Vn = Bo + P1X1n + LoXon + B3Xsp + LaXan + epwas designed to generate the y, where h is the number of
strata (h = 1,2,...,8) and e, are independently generated by the standard normal distribution. The
coefficients f; (i =0,1,2,3,4) were randomly generated from a uniform distribution while
Vi) X1n » X2n, X3n, and x4y, were randomly generated from normal distribution with different parameters.

The simulation study was conducted using the R-statistical package. There were M = 1,500 for the m-th
run (m = 1,2, ..., M), a Bernoulli sample is drawn where each unit is selected into the sample independently,
with inclusion probability r; = n/N. For simplicity the tuning parameter Q; was set to unity (Qy; = 1). A
sample of size 200 was selected randomly from the simulated population index-wise, that is if index h is
selected then the sample elements will have yp, 15, , Xo5, X35, and x,p,. The corresponding GREG-estimator
and calibration estimator of ¥ were computed. The results of the analysis are given in Tables 1 and 2.

5.2 Comparisons with existing estimators

For a given estimator (say) ¥;", let }71.*(7") be the estimate of ¥;* in the m-th simulation run; m =1, 2... M
(=1,500). To compare the performances of the proposed multivariate calibration ratio estimator with that of
the GREG-estimator the following criteria; bias (B), mean square error (MSE) and the percentage relative
efficiency (PRE) were used. Each measure is calculated as follows:

M B(%)=% -7

i
where i* = %Zmzl ?i*(m)
. s =.\2
(i) MSE(%;) =S (7/™ = %7) /M

where ?i*(m) is the estimated total based on sample m and Mis the total number of samples drawn for the
simulation.
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(iii) The percent relative efficiency (PRE)

The percent relative efficiency (PRE) of an estimator 8 with respect to the [36] multivariate regression
estimator (5‘ ,.Z,,R) in stratified sampling is defined by:

v(Siir)

70 X 100

PRE(6,825) =

Table 1. Performance of estimators

Estimator Simple random sampling Stratified random sampling
Bias MSE PRE Bias MSE PRE
SZx 4.368 3648.864 100.00 2.482 2274.372 100.00
) 2.484 1983.026 184.005 1.301 1263.148 180.056
Ve 0.623 1402.234 260.022 0.482 893.243 254.620

Table 2. MSEs of proposed estimators under different conditions

Estimator Ideal condition Calibration design
Vg 1872.0492 1402.234
Vot mr 1178.684 893.643

6 Discussion of Results

Table 1 summarizes the statistics corresponding to each estimator under simple random sampling and
stratified random sampling. Table 2 gives the MSEs of the proposed estimator under ideal condition and
calibration design.

The true population (simulated) total is13, 565 while the estimated total by the GREG and proposed
estimators are 13,654.045 and 13,564.632 respectively. It is evident that the proposed multivariate ratio
calibration estimator is a better approximation of the true population total than the GREG-estimator.

Numerical results for the Percent Relative Efficiency (PREs) under the simple random sampling reveals that
the proposed Multivariate Ratio Calibration Estimator (?,&R) has 160 percent gains in efficiency while the
Generalized Regression Estimator (?GREG) has 84 percent gains in efficiency; this shows that the proposed
Multivariate Ratio Calibration Estimator (?,;,R) is 76 percent more efficient than the Generalized Regression
Estimator (Ygpgc)-

Similarly, numerical results for the Percent Relative Efficiency (PREs) under the stratified random sampling
reveals that the proposed Multivariate Ratio Calibration Estimator (?,J,R) has 155 percent gains in efficiency
while the Generalized Regression Estimator (?GREG) has 80 percent gains in efficiency; this shows that the
proposed Multivariate Ratio Calibration Estimator (?,;R) is 75 percent more efficient than the Generalized
Regression Estimator (?GREG).

This means that in using the proposed Multivariate Ratio Calibration Estimator (?,J,R) one will have 76 and
75 percent efficiency gain over the Generalized Regression Estimator (?GREG) under the simple random
sampling and stratified random sampling respectively.

Table 2 showed that the proposed estimators under the calibration design are respectively more efficient than
their corresponding counterparts under ideal condition both under the simple random sampling and stratified
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random sampling. This is in line with established fact in the literature of sampling survey that estimation
under the calibration design gives better appealing results than estimation under ideal condition [39-40].

In terms of bias, the proposed Multivariate Ratio Calibration Estimator (Yﬁew) is better than the Generalized
Regression Estimator (?GREG) under all sampling designs considered.

7 Conclusion

Sequel to the discussion of results above, it is concluded that the proposed Multivariate Ratio Calibration
Estimator (?,C,R) fares better than the Generalized Regression Estimator (?GREG) both in efficiency and
biasedness. This is against an established fact in survey sampling literature that the Generalized Regression
Estimator (17GREG) is always more efficient than both the ratio and product estimators.

Therefore, the suggested Multivariate Ratio Calibration Estimator is very attractive to survey researchers as
it gives consistent and more precise estimates of the population parameters.
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