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Abstract

The purpose of this paper is twofold. Firstly, the new matrix domains are constructed with the
new infinite matrices and some properties are investigated. Furthermore, dual spaces of new
matrix domains are computed and matrix transformations are characterized. Secondly, examples
between new spaces with classical sequence spaces and sequence spaces which are derived by an
infinite matrix are given in the table form.
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1 Introduction

It is well known that, the w denotes the family of all real (or complex)-valued sequences. w is a
linear space and each linear subspace of w (with the included addition and scalar multiplication)
is called a sequence space such as the spaces ¢, co and f~, where ¢, cop and fo denote the set of
all convergent sequences in fields R or C, the set of all null sequences and the set of all bounded
sequences, respectively. It is clear that the sets ¢, cp and ¢« are the subspaces of the w. Thus, c,
co and o equipped with a vector space structure, from a sequence space. By bs and cs, we define
the spaces of all bounded and convergent series, respectively.

A coordinate space (or K—space) is a vector space of numerical sequences, where addition and
scalar multiplication are defined pointwise. That is, a sequence space X with a linear topology
is called a K-space provided each of the maps p; : X — C defined by p;(z) = z; is continuous
for all i € N. A K—space is called an F'K—space provided X is a complete linear metric space.
An FK—space whose topology is normable is called a BK— space. If a normed sequence space X
contains a sequence (b,) with the property that for every x € X there is unique sequence of scalars
(an) such that
lim ||z — (cobo + a1b1 + ... + anbn)|| =0

n—oo

then (by,) is called Schauder basis for X. The series Y aubr which has the sum z is then called the
expansion of x with respect to (by), and written as x = 3 arbr. An FK—space X is said to have
AK property, if ¢ C X and {ek} is a basis for X, where €* is a sequence whose only non-zero term
is a 1 in k" place for each k € N and ¢ = span{ek}7 the set of all finitely non-zero sequences.

Let A = (ank) be an infinite matrix of complex numbers anr and z = (zx) € w, where k,n € N.
Then the sequence Az is called as the A—transform of = defined by the usual matrix product.
Hence, we transform the sequence z into the sequence Az = {(Ax),} where

(Az)n = ankas (1.1)

for each n € N, provided the series on the right hand side of (1.1) converges for each n € N. Let
X and Y be two sequence spaces. If Az exists and is in Y for every sequence z = (z) € X, then
we say that A defines a matrix mapping from X into Y, and we denote it by writing A : X — Y
if and only if the series on the right hand side of (1.1) converges for each n € N and every z € X,
and we have Az = {(Az)n}neny € Y for all z € X. A sequence z is said to be A-summable to [ if
Az converges to [ which is called the A-limit of x. Let X be a sequence space and A be an infinite
matrix. The sequence space

Xa={z=(zx) Ew: Az € X} (1.2)

is called the domain of A in X which is a sequence space.
We write U for the set of all sequences u = (uy) such that ur # 0 for all K € N. For u € U, let

1/u = (1/uk). Let u,w € U. Now, we define the generalized weighted mean or factorable matriz
G(u, w) = (gnr) by

[ unwr . (0<Ek<n)
ke = 0 , (k>n)

for all k,n € N; where u,, depends only on n and wy only on k.
By F, we will denote the collection of all finite subsets on N. For simplicity in notation, here and

in what follows, the summation without limits runs from 1 to co. Also we use the convention that
any term with negative subscript is equal to zero.
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2 New Integrated and Differentiated Spaces
In this section, we will give new spaces defined by a weighted mean.

The concepts of integrated and differentiated sequence spaces was firstly used by Goes and Goes
[1] as

/X:{a::(a:k)ew:(kxk)eX}
d(X)={2r=(zx) €w: (k" ax) € X}.

Malkowsky and Savag [2] have defined the sequence space Z = (u,v;X), which consists of all
sequences whose G(u,v)— transforms are in X € {{,c,co,p}, where u,w € U. Paranormed
sequence spaces derived by weighted mean are studied in Altay and Basar [3]. Altay and Basar
[4] constructed the new paranormed sequence spaces £(u,v;p). SJimsek et al. [5] have introduced
a modular structure of the sequence spaces defined by Altay and Basar [4] and studied Kadec-
Klee and uniform Opial properties of this sequence space on Kothe sequence spaces. In Polat et
al. [6], using the generalized weighted mean, new difference sequence spaces are defined. Kirigci
[7] have defined the almost sequence spaces with generalized weighted mean and in Kirigci [§],
studied some properties of new almost sequence spaces derived by generalized weighted mean.
Structural properties of the bv space are studied by Cesaro mean, generalized weighted mean and
Riesz mean, in Kirigci [9]. Following the Goes and Goes [1], Kirisgci [10] have studied the integrated
and differentiated sequence spaces and defined the Riesz type integrated and differentiated sequence
spaces, in Kirisgci [11].

We define the new matrices I' = (v,1) and X = (oni) by

kun (W — wr+1) (k<mn)

Vnk = NUR Wy , (n=k) (2.1)
0 , (k>mn)
Fun (Wk — wWrt1) (k<n)

Onk = snn ) (n=Fk) (2.2)
0 , (k>n)

for all k,n € N.

Let u,w € U. The new integrated spaces defined by

/bv(u, w) = {x = (zx) Ew: iunka(kxk) < oo}

k=1

and the new differentiated spaces defined by

d(bv(u,w)) = {:v = (k) Ew: Zunka(kflmk) < oo} .

k=1

Consider the notation (1.2) and the matrices (2.1), (2.2). From here, we can re-define the spaces
J bo(u, w) and d(bv(u, w)) by

(L) = /bv(u,w) (2.3)

and
(41)y = d(bv(u, w)). (2.4)



Kirigct; JAMCS, 29(1): 1-11, 2018; Article no. JAMCS. 44143

Let z = (z) € [ bv(u, w). The I'—transform of a sequence x = (z1) is defined by

n—1
Yn = Z kun (Wi — Wk41) Tk + NURWR TR (2.5)
k=1

where T is defined by (2.1). Let z = (zx) € d(bv(u,w)). The X—transform of a sequence z = (xx)

is defined by
n—1
1
Yn = Z Un (W — Wrt1)Tx + S UnWnn (2.6)
k=1

|~

where X is defined by (2.2).

Theorem 2.1. The integrated and differentiated sequence spaces derived by weighted mean are
norm isomorphic to the absolute summable sequence space.

Proof. We must show that a linear bijection between the integrated sequence space derived by
weighted mean and the absolute summable sequence space exists. Consider the transformation fr
defined, with the notation (2.5), from [ bv(u,w) to ¢1 by z — y = frz. The linearity of fr is clear.
Also, it is trivial that = 0 whenever frz = 0 and therefore, fr is injective.

Let y € £1 and define the sequence z = (zx) by

k—1
=S T n
o JZ k u; (wj wj+1> Y Ry

—

Then

Hfobv(u,w) = Z

k

=D lysl = llylle, < oo.

k

k—1
Juk (Wj — wjt1) T + NURWRTR
j=1

Then, we have that z € [bv(u,w). So, fr is surjective and norm preserving. Hence fr is a linear
bijection. It shown us that the space [ bv(u,w) is norm isomorphic to f1.

As similar, using the notation (2.6), we can define the transformation fs~ from d(bv(u,w)) and ¢
by x +— y = fs>x. If we choose the sequence z = (x1) by

k—1
1 1 1 k.

zp = b (7 N ) i + Yk

i UKW

while y € {1, then we obtain the space d(bv(u,w)) is norm isomorphic to ¢; with the norm
[ /lagow(uw))- =

Since [ bv(u,w) = [¢1]p and d(bv(u,w)) = [l1]y holds, ¢1 is a BK—space with the norm ||z,
and the matrices 'and ¥ are triangle matrix, then Theorem 4.3.2 of Wilansky [12] gives the fact
that the integrated and differentiated sequence spaces derived by weighted mean are BK —space.
Therefore, there is no need for detailed proof of the following theorem.

Theorem 2.2. The spaces [ bv(u,w) and d(bv(u,w)) are BK —space with the norms |||  y,(u,w) =
lzlle, )y and ||zl awocu,w)) = l1Z]le; 5y, respectively.

Because of the isomorphisms fr and fs-, defined in the proof of Theorem 2.1, are onto the inverse
image of the basis {e®}ren of the space £1 is the basis of the spaces [ bv(u,w) and d(bv(u,w)).
Therefore, we can give following theorems for Schauder basis of new sequence spaces :
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Theorem 2.3. Define a sequence s = {sglk)}nEN of elements of the space [ bv(u,w) for every

fized k € N by
1 1 1
(k) n (ukwk - ukuk+1) ? (1 k )
S’ = nuiwn ’ (n = k)
0 . (k>n)

Therefore, the sequence {s'™) }ren is a basis for the space Jbv(u,w) and any = € [bv(u,w) has a
unique representation of the form

z=> (Tz)ps™ (2.7)

k

Proof. Let e®) be a sequence whose only non-zero term is a 1 in k" place for each k € N. We know
that
rs®(g)=e™ et (2.8)

for all & € N. Then, we have {s*)(¢)} C [ bv(u,w).

We take z € [ bu(u,w). Then, we put,

for every positive integer m. Then, we have

m

Pal™) = 3 (D) ()T (g i e®

k=1 k=1

and
0 , (1<i<m)

(P =), :{ Tz . (i>m)

by applying I to (2.9) with (2.8), for ¢,m € N. For £ > 0, there exists an integer mgo such that

{Z I(Fw)z‘l] <e/2

for all m > mo. Hence,
lz = @™ by =
for all m > my. Therefore, z € [ bv(u, w) is represented as in (2.7), as we desired. O

Theorem 2.4. Define a sequence t*) = {t%k)}nEN of elements of the space d(bv(u,w)) for every
fized k € N by

1 1
“ n (ukwk — “k“k+1) , (I1<k<n)
ty’ = unr;n s (n = k)
0 , (k>n)
Therefore, the sequence {t*)}ren is a basis for the space d(bv(u,w)) and any x € d(bv(u,w)) has a

unique representation of the form

T = Z(Ew)kt(k)

k
Remark 2.1. It is well known that every Banach space X with a Schauder basis is separable.

From Theorem 2.3, Theorem 2.4 and Remark, we can give following corollary:

Corollary 2.5. The spaces [ bv(u,w) and d(bv(u,w)) are separable.
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3 Dual Spaces

If X,Y C w and z any sequence, we can write z ' * X = {z = (z3) €Ew: 2z € X} and M(X,Y) =
MNeex z71 %Y. If we choose Y = cs, bs, then we obtain the 8—,y—duals of X, respectively as

XP = M(X,cs) ={z=(2) €w: 2z = (zsxx) € cs for all z € X}
X7 =M(X,bs) ={z = (2x) Ew: 2z = (zx) € bs for all z € X}.

Let A = (ank) be an infinite matrix. Now we give some conditions:

sup |ank| < 0o (3.1)
k,neN
lim anr = o for each k€N (3.2)
n—o0
su ank| < 00, 3.3
keg%] K (3.3)
sup ank| < 00, (3~4)
k,meN n—0
Zank convergent for each k € N (3.5)
Zank =0 foreach k€N (3.6)

Lemma 3.1. For the characterization of the class (X :Y) with X = {£1} and Y = {lec, ¢, b1}, we
can give the necessary and sufficient conditions from Table 1, where

Table 1

(1. (31) ] 2. (31), (32) | 3. (3.3) | 4. (5.4) | 5. (3.4), (3.5) | 6. (3.4), (3.6) |

To — loo c ¥¢1 bs cs cps
From |
2 1. 2. 3. 4. 5. 6.

4 Matrix Transformations

We shall write for brevity that

n n

&1 am 1 1 1
Ank —Z ]CUka + <’l,ka)k ) Z ~Angj|

URW
k=1 RURHL/ 5 T
n n
~ k.ank 1 1 .
ank:Zqur URWE  UpW Z]'am’
= | urwk kW RWkt1) S
n—1
bnk = Joun (Wi — wit1)ajk + NURWRAnk,
i=1
n—1
~ 1 1
bpi = }.un(wj — Wjy1)ask + E.unwnank

1

J
for all k,n € N.
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Theorem 4.1. Suppose that the entries of the infinite matrices A = (ank) and B = (bnk) are
connected with the relation
oo
Ank = Zj.(wk — Wk41)Ujbn; or bnk = Gnk (4.1)
j=k

for all k,n € N and Y be any given sequence space. Then A € ([bv(u,w) : Y) if and only if
{ank}ren € {[bv(u,w)}? for alln €N and B € ({1 :Y).

Proof. Let Y be any given sequence. Suppose that (4.1) holds between the infinite matrices A =
(ank) and B = (bnk), and take into account that the spaces [ bv(u,w) and ¢1 are linearly isomorphic.

Let A € ([bv(u,w) : V) and take any y = (yx) € £1. Then BT exists and {ank ken € { [ bv(u,w)}?
which yields that (4.1) is necessary and {bny}ren € €4 for each n € N. Hence, By exists for each
y € {1 and thus by letting m — oo in the equality

- | 1 ankyr 1 1 1
;ankmk = Z T o + (Ukwk — )yk Z —an;| forall m,neN

UpW
=1 kWhk+1 J=k+1

we obtain that Az = By which leads us to the consequence B € (¢; : Y).

Conversely, let {ank}ren € {[ bv(u, w)}? for each n € Nand B € (¢1 : Y), and take any = = (vx) €
J bv(u, w). Then, Az exists. Therefore, we obtain from the equality

ankyk = Zankwk for all m,n € N
k=1 k=1

as m — oo the result that By = Az and this shows that A € ([ bv(u,w) : Y). This completes the
proof. O

Theorem 4.2. Suppose thal the enlries of the infinite matrices A = (ank) and C = (cnk) are
connected with the relation cnr = bpr for all k,n € N and Y be any given sequence space. Then,
Ae (Y : [b(u,w)) if and only if C € (Y : £1).

Proof. Let z = (z;) € Y and consider the following equality:

Z CnkZk = Zj.un(wj — Wjt1) (Z (ljk;Zk) (4.2)
k=1 j=1 k=1
for all m,n € N. Equation (4.2) yields as m — oo the result that (Cz), = {I'(Az)},. Therefore,

one can immediately observe from this that Az € [ bv(u,w) whenever z € Y if and only if Cz € ¢;
whenever z € Y. O

Theorem 4.3. Suppose that the entries of the infinite matrices A = (ank) and D = (dnk) are
connected with the relation

1 -
ank = Z = (wr — wry1)ujdng or dnk = Gnk
j=k
for all k,n € N and Y be any given sequence space. Then A € (d(bv(u,w)) : Y) if and only if
{ank }ren € {d(bv(u,w))}? for alln € N and D € (f1 :Y).
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Theorem 4.4. Suppose that the entries of the infinite matrices A = (ank) and E = (enr) are
connected with the relation enr = bpr for all k,n € N and Y be any given sequence space. Then,
A€ (Y : d(bv(u,w))) if and only if E € (Y : £1).

5 Examples

Example 5.1. The Fuler sequence space e, is defined by
e ={zewrsup| Y [ 7)1 —r)"Frtay] < 0o}([19).
neN k=0 k
We consider the infinite matric A = (ank) and define the matriz F = (fnr) by
fnk = Z (?) (1 —7)""rlay, (k,n € N).
3=0

If we want to get necessary and sufficient conditions for the class ([ bv(u,w) : eL,) in Theorem 4.1,
then, we replace the entries of the matrix A by those of the matrixz F.

Example 5.2. Let T, = ZZ:O tr and A = (ank) be an infinite matriz. We define the matriz
H = (hnk) by

1 n
hnk = ﬁ Zotja]’k (k,n € N)
=

Then, the necessary and sufficient conditions in order for A belongs to the class ([ bv(u,w) : rl)
are obtained from in Theorem 4.1 by replacing the entries of the matrix A by those of the matrix
H; where vl is the space of all sequences whose R'—transforms is in the space Loo [14].

Example 5.3. In the space 1%, if we take t = e, then, this space become to the Cesdaro sequence
space of non-absolute type Xoo [15]. As a special case, Example 5.2 includes the characterization of
class ([ bv(u,w) : r)).

Similar to above examples, we can give necessary and sufficient conditions for the class (d(bv(u, w)) :
Y) in Theorem 4.3, where Y € {el., 75, Xoo}.

If we take the spaces £, ¢, co, bs, cs and cps instead of X in Theorem 4.3, or Y in Theorem 4.1
we can write the following examples. Firstly, we give some conditions and following lemmas:

sup Z Z ank| < 00, (5.1)
N.KEF |/ eN kek
liin anr =0 for each n €N, (5.2)

sup Z Z(ank — nk+1)| < 00, (5.3)
N.KEF | EN kek

sup Z Z(ank —ankp—1)| < 00 (5.4)
N.KEF | eN keK

Lemma 5.4. Consider that the X € {ls,c,co,bs,cs,cos} and Y € {l1}. The necessary and
sufficient conditions for A € (X :Y) can be read the following, from Table 2:
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Table 2

[ 7. (51) ] 8 (52), (53) ] 9. (54) ] 10. (5.3) |

From — | { c ¢ bs c¢s, cps
To |
21 7. 7. 7. 8. 9. 10.

Example 5.5. We choose X € {[bv(u,w)} and Y € {foo,c,co}. The necessary and sufficient
conditions for A € (X :'Y) can be taken from the Table 3:

la. (3.1) holds with Gy instead of ang.
2a. (3.1) and (3.2) hold with @i instead of ang.
3a. (3.1) and (3.2) hold with ax = 0 as Gy instead of an.
4a. (3.4) holds with @, instead of ank
5a. (3.4), (3.5) hold with @ni instead of ang.
6a. (3.4), (3.6) hold with @, instead of ans.
Table 3
To — oo c co bs cs oS

From |
Jbvo(u,w) | 1la. 2a. 3a. 4a. ba. 6a.

Example 5.6. We choose X € {d(bv(u,w))} and Y € {loo,c, co,bs,cs,cos}. The necessary and
sufficient conditions for A € (X :Y) can be taken from the Table 4:

1b. (3.1) holds with @y instead of ansk.
2b. (3.1) and (3.2) hold with anx instead of ang.
3b. (3.1) and (3.2) hold with ax = 0 as @, instead of an.
4b. (3.4) holds with G, instead of ang
5b. (3.4), (3.5) hold with @, instead of an.
6b. (3.4), (3.6) hold with @i instead of ank.
Table 4
To — loo c co bs cs co$

From |
d(bv(u,w)) | 1b. 2b. 3b. 4b. 5b. 6b.

Using the Lemma 5.4, we can give the Table 5 for X € {{«,c, co,bs,cs,cos} and Y € { [ bv(u,w)}
and Table 6 for X € {{, ¢, co,bs,cs,cos} and Y € {d(bv(u,w))} as follows:

7a. (5.1) hold with by, instead of ang.

8a. (5.2) and (5.3) hold with bk instead of an.
9a. (5.4) holds with bk instead of ang.

10a. (5.3) holds with b, instead of ang.

7b. (5.1) hold with gnk instead of ang.
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8b. (5.2) and (5.3) hold with by instead of an.
9b. (5.4) holds with gnk instead of ank.
10b. (5.3) holds with by, instead of anp.

Table 5

From — Lo c co bs cs, cos
To |
Jw(u,w) | Ta. T7a. Ta. 8a. 9a. 10a.

Table 6

From — oo c co bs cs, cos
To |
dbv(u,w)) | Tb.  Tb. Tb. 8b. 9b. 10b.

6 Conclusions

The difference sequence spaces are given by Kizmaz [16]. If we choose the absolute summable
sequence space and apply the difference operator to this space, we obtain the space of all sequences
of bounded variation and denote by bv. The space bv, consisting of all sequences whose differences
are in the space £,. The space bv, was introduced by Basar and Altay [17]. More recently, the
sequence spaces bv and bv, are studied in Basar and Altay [17], Bagar et al. [18], Imaninezhad and
Miri [19], Jarrah and Malkowsky [20], Kirisci [9], Kirisci [10], Kirisci [11], Malkowsky et al. [21].

Integrated and differentiated sequence spaces are introduced by Goes and Goes [1]. Kirigci [10] have
studied some properties of these spaces and defined the Riesz type integrated and differentiated
sequence spaces [11]. In this work, we define the new integrated and differentiated sequence spaces.
We also compute the dual spaces of these spaces which are help us in the characterization of matrix
mappings. Therefore, we characterize the matrix classes. In last section, we give some examples
related to the matrix transformations in the table form.
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